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^^ Abstract. We present a comprehensive theory of boundedness properties for Pol- 

ish groups developed with a main focus on Roelcke precompactness (precompactness 
of the lower uniformity) and Property (OB) (boundedness of all isometric actions on 
^^ ' separable metric spaces). In particular, these properties are characterised by the or- 

Cn ' bit structure of isometric actions on metric spaces and isometric or continuous affine 

representations on separable Banach spaces. 



^'. 

-)— » Contents 

1. Global boundedness properties in Polish groups 

1.1. Uniformities and compatible metrics 

1.2. Constructions of linear and affine actions on Banach spaces 
►^ 1.3. Topologies on transformation groups 

fC '. 1-4. Property (OB) 

■^ ' 1.5. Bounded uniformities 

CD ! 1.6. Roelcke precompactness 

^^ ' 1.7. Fixed point properties 

Cn ! 1-8. Property (OB,^ ) and examples 

C^ ' 1.9. Non-Archimedean Polish groups 

1.10. Locally compact groups 

2. Local boundedness properties 

2.1. A question of Solecki 
k>( ' 2.2. Construction 

^ i 3. Microscopic structure 

_ ^_' 3.1. Narrow sequences and completeness 

3.2. Narrow sequences and conjugacy classes 

3.3. Narrow sequences in oligomorphic groups 

3.4. Narrow sequences in Roelcke precompact groups 

3.5. Isometric actions defined from narrow sequences 
References 



(N 



2 

5 

7 

9 



13 

14 

16 

17 

22 
27 
27 
27 
29 
30 
32 
33 
35 
38 
4C 



2000 Mathematics Subject Classification. Primary: 22A25, Secondary: 03E15, 46B04. 

Key words and phrases. Property (OB), Roelcke precompactness, Strongly non-locally compact groups, 
Affine actions on Banach spaces. 

The research for this article was partially supported by NSF grants DMS 0919700 and DMS 0901405. 

The author is thankful for many enlightening conversations on the topic of the paper with T. Banakh, 
J. Melleray, V. Pestov, S. Solecki and T. Tsankov 

1 



2 CHRISTIAN ROSENDAL 

1. Global boundedness properties in Polish groups 

We will be presenting and investigating a number of boundedness properties in 
Polish groups, that is, separable, completely metrisable groups, all in some way cap- 
turing a different aspect of compactness, but without actually being equivalent with 
compactness. The main cue for our study comes from the following result, which 
reformulates compactness of Polish groups. 

Theorem 1.1. The following are equivalent for a Polish group G. 

(1) G is compact, 

(2) for any open F 3 1 there is a finite set F '^G such that G - FV, 

(3) for any open V 3 1 there is a finite set F qG such that G - FVF, 

(4) whenever G acts continuously and by affine isometrics on a Banach space X, 
G fixes a point ofX. 

The implication from (1) to (4) follows, for example, from the Ryll-Nardzewski 
fixed point theorem and the equivalence of (1) and (2) are probably part of the folk- 
lore. On the other hand, the implication from (3) to (1) was shown independently by 
S. Solecki [211 and V. Uspenskii 1281, while the implication from (4) to (1) is due to L. 
Nguyen Van The and V. Pestov flSll . 

The groups classically studied in representation theory and harmonic analysis are 
of course the locally compact (second countable), but many other groups of transfor- 
mations appearing in analysis and elsewhere fail to be locally compact, e.g., home- 
omorphism groups of compact metric spaces, diffeomorphism groups of manifolds, 
isometry groups of separable complete metric space, including Banach spaces, and 
automorphism groups of countable first order structures. While the class of Polish 
groups is large enough to encompass all of these, it is nevertheless fairly well be- 
haved and allows for rather strong tools, notably Baire category methods, though 
not in general Haar measure. As it is also reasonably robust, i.e., satisfies strong 
closure properties, it has received considerable attention for the last twenty years, 
particularly in connection with the descriptive set theory of continuous actions on 
Polish spaces 151. 

The goal of the present paper is to study a variety of global boundedness proper- 
ties of Polish groups. While this has been done for general topological groups in the 
context of uniform topological spaces, e.g., by J. Hejcman Ifl2l . one of the most im- 
portant boundedness properties, namely, Roelcke precompactness has not received 
much attention until recently (see, e.g., 125, 26, 27, 28, 24, 101). Moreover, another of 
these, namely, property (OB) (see 1201) is not naturally a property of uniform spaces, 
but nevertheless has a number of equivalent reformulations, which makes it central 
to our study here. 

The general boundedness properties at stake are, on the one hand, precompact- 
ness and boundedness of the four natural uniformities on a topological group, namely, 
the two-sided, left, right and Roelcke uniformities. On the other hand, we have 
boundedness properties defined in terms of actions on various spaces, e.g., (reflexive) 
Banach spaces, Hilbert space or complete metric spaces. 

Though we shall postpone the exact definitions till later in the paper, most of 
these can be simply given as in conditions (2) and (3) ofTheorem ll.il For this and to 
facilitate the process of keeping track of the different notions of global boundedness 
of Polish groups, we include a diagram. Figure 1, which indicates how to recover a 
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Compact: G = FVF = FV 
(fjs -bounded 
Roelcke precompact: G = VFV / \ Bounded: G = f V* 

Property (OBm): G = (VF)"^ •( )i^Roelcke bounded: G = V^fV* 




Property (OB): G = WFr 
Property (ACR) 
Property (FH) 

Figure 1. Implications between various boundedness properties 

Polish group G from any open set F 3 1 using a finite set F <^G and a natural number 
k (both depending on V). 

Referring to Figure 1 for the definition of property (OB), our first result charac- 
terises this in terms of affine and linear actions on Banach spaces. 

Theorem 1.2. The following conditions are equivalent for a Polish group G. 

(1) G has property (OB), 

(2) whenever G acts continuously by affine isometrics on a separable Banach 
space, every orbit is bounded, 

(3) any continuous linear representation n: G ^ GL(X) on a separable Banach 
space is bounded, i.e., supge(5l|7r(^)|| <oo. 

Examples of Polish groups with property (OB) include many transformation groups 
of highly homogeneous mathematical models, e.g., homeomorphism groups of spheres 
Homeo(S") and of the Hilbert cube Homeo([0,l]~) [201. 

While property (FH), that is, the requirement that every continuous affine iso- 
metric action on a Hilbert space has a fixed point, delineates a non-trivial subclass 
of locally compact groups, by a result of U. Haagerup and A. Przybyszewska I 111, 
if one instead considers affine isometric actions on reflexive spaces, one obtains in- 
stead simply the class of compact groups. We shall show that the same holds when, 
rather than changing the space on which the group acts, one considers just continu- 
ous affine actions. 

Theorem 1.3. Any non-compact locally compact Polish group acts continuously by 
affine transformations on a separable Hilbert space such that all orbits are unbounded. 

As a corollary, we also obtain information for more general Polish groups. 

Corollary 1.4. Suppose G is a Polish group and W ^ G is an open subgroup of 
infinite index with G - CommQiW). Then G admits a continuous affine representation 
on a separable Hilbert space for which every orbit is unbounded. 

A second part of our study deals with local versions of these boundedness prop- 
erties. More exactly, Solecki [221 asked whether the class of locally compact groups 
could be characterised among the Polish groups as those for which there is a neigh- 
bourhood of the identity U 3l such that any other neighbourhood V 3 1 covers [/ by a 
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finite number of two-sided translates (he also included a certain additional technical 
condition of having a free subgroup at 1 that we shall come back to). While positive 
results were obtained by M. Malicki in [14], we shall show that this is not so by pre- 
senting a non-locally compact Polish group with a free subgroup at 1 satisfying the 
above mentioned covering property for some neighbourhood U 3l. 

Theorem 1.5. There is a non-locally compact, Weil complete Polish group, having 
a free subgroup at 1 and an open subgroup U whose conjugates fUf~^ provide a 
neighbourhood basis at 1. 

The third and final part of our study deals with the consequences at the micro- 
scopic level of the previously mentioned global boundedness properties. By this we 
understand not only what happens in a single neighbourhood of the identity, but 
rather what happens as one decreases the neighbourhood to 1. As it turns out, the 
stronger global boundedness properties, namely, Roelcke precompactness (cf Fig- 
ure 1) and oligomorphic, which is a specific form of Roelcke precompactness, prevent 
further covering properties at the microscopic level. Moreover, this can in turn be 
utilised in the construction of affine isometric action with non-trivial local dynamics. 

We recall that Soo is the Polish group consisting of all permutations of the infinite 
discrete set N equipped with the topology of pointwise convergence. 

Theorem 1.6. Let G be an oligomorphic closed subgroup of Soo- Then there is a 
neighbourhood basis at l,Vo^Vi^V2^ ■■■^1 such that 

G ^ [JP'nVnEn 

n 

for all finite subsets Fn,En ^ G. 

It follows that G admits a continuous affine isometric action on a separable Banach 
space X such that for some £n>0 and all sequences of compact subsets C^^X there 
is a geG satisfying 

dist{gCn,Cn)>£n 

for all neN. 

Here a closed subgroup G ^ Soo is said to be oligomorphic if, for every n ^ 1, G 
induces only finitely many distinct orbits on N". By a classical theorem of model 
theory, up to isomorphism these are exactly the automorphism groups of countable 
Ko-categorical structures, e.g., Soo, Aut(Q,<) and the homeomorhism group of Cantor 
space Homeo(2'^) among many other. 

Theorem 1.7. Suppose G is a non-compact, Roelcke precompact Polish group. Then 
there is a neighbourhood basis at 1, Vo^Vi^ ... 3 1 such that for any hn^G and 
finite Fn ^ G, 

G^yjFnVnhn. 

n 

Again, the class of Roelcke precompact Polish groups is surprisingly large despite 
of being even more restrictive those with property (OB). As shown in Proposition ll.201 
extending work of 1 20, 24], the Roelcke precompact Polish groups are exactly those 
that can realised as approximately oligomorhic groups of isometries. This criterion 
immediately gives us the following range of examples, Aut([0,l],A) (see |10| for an 
independent proof), '^{(2), and less obviously, Isom(IU) |20|, where U denotes the so 
called Urysohn metric space. 



GLOBAL AND LOCAL BOUNDEDNESS OF POLISH GROUPS 5 

We should also mention that though we mainly consider Polish groups, many of 
our results are valid with only trivial modifications for arbitrary topological groups. 
However, to avoid complications and to get the cleanest statements possible, we have 
opted for this more restrictive setting, which nevertheless already includes most of 
the groups appearing in analysis. 

The paper is organised as follows: In Sections ll. 1111.21 and 11.31 we present some 
background material on uniformities on topological groups and general constructions 
of affine and linear representations on Banach spaces. Almost all of the material 
there is well-known, but sets the stage for several of the constructions used later 
on. Sections 1.4-1.10 contains the core study of the various boundedness properties 
and their consequences. In Sections 2.1 and 2.2, we answer Solecki's question on the 
possible characterisation of locally compact Polish groups. And finally, in Sections 
3.1-3.5 we study the covering properties of neighbourhood bases in Polish groups, 
which leads to constructions of affine isometric actions with interesting local dynam- 
ics. 

1.1. Uniformities and compatible metrics. Recall that a uniform space is a tuple 
{X,S), where X is a set and <? is a collection of subsets of X x X, called entourages of 
the diagonal A = {(x,x) e X x X | x e X], satisfying 

(1) AcVforanyVe^', 

(2) S is closed under supersets, i.e., V <^U and V eS implies U eS, 

(3) Veg implies that also V"^ = {{y,x) eX ^X\{x,y)eV}eg, 

(4) & is closed under finite intersections, i.e., V,U eS implies that V r\U e§, 

(5) for any V eS there isU eS such that 

U^^UoU^{(x,y)eX^X\3zeX(x,z)eU&(z,y)eU}'^V. 

The basic example of a uniform space is the case when (X,(i) is a metric space (or 
just pseudometric) and we let S§ on X denote the family of sets 

Ve^{{x,y)eXxX\d{x,y)<e}, 

for c > 0. Closing SS under supersets, one obtains a uniformity <§" on X, and we say 
that SS - {Veloo forms a fundamental system for S, meaning that any entourage 
contains a subset belonging to S§. 

Conversely, if (X,^) is a uniform space, then S generates a unique topology on X 
by declaring the vertical sections of entourages at x, i.e., Vixl -{y eX\{x,y)e V}, to 
form a neighbourhood basis at x e X. 

A net {xi) in X is said to be S-Cauchy provided that for any V eS we have {xi,Xj) e 
V for all sufficiently large i,j. And (x/) converges to x if, for any V e S, we have 
ixi,x) e V for all sufficiently large i. Thus, {X,S) is complete if any (f-Cauchy net 
converges in X. 

Similarly, (X,S) is precompact if for any V eS there is a finite set F qX such that 

X = V[F]^{yeX\3xeF {x,y)eV}. 

That is, X is a union of finitely many vertical sections V[x] of V. 

An ecart or pseudometric on a set X is a symmetric function d : X x X — ► R;so 
satisfying the triangle inequality, d{x,y) « d(.x,z) + d(.z,y), and such that d(x,x) - 
0. The Birkhoff-Kakutani theorem states that if A c [/„ c X x X is a decreasing 
sequence of symmetric sets satisfying 

Un+l o Un+1 o Un+1 ^ [/„ 



(2) E^^ -- 


= {(x 


,3')e 


G 


xG 


(3) E'^ -. 


= {(x 


,y)e 


G 


xG 


(4) E% -. 


= {(x 


,y)e 


G 


xG 
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and we define 6,d: X xX ^ R^o by 

5(x,3') = inf{2-"|(x,3')eC7„} 
and 

dCx,^) - inf{ ^ 5(xi_i,x;) | xo = x, x„ = y}, 

then c? is an ecart on X with 

-6ix,y) ^ dCx,^) ^ ffCx.j'). 

In other words, if the Ve are defined as above, then Vg-'n+i' '^Un^ V2-n and thus the 
two famihes {Un}n£N and {Vdoo are fundamental systems for the same uniformity 
on X. In particular, this shows that any uniformity with a countable fundamental 
system can be induced by an ecart on X. 

Now, if G is a topological group, it naturally comes with four uniformities, namely, 
the two-sided, left, right and Roelcke uniformities denoted respectively Sts,Si,Sr and 
Sr . These are the uniformities with fundamental systems given by respectively 

(1) £^ = {(x,^) e G X G I x-iy eW & xj"^ e W}, 
\x-'^yeW}, 
I xjz-i £ W}, 
I y e WxW], 

where W varies over symmetric neighbourhoods of 1 in G. Since clearly, E'^ -^w - 
E^ and E^^ ^ E'^ ^ E^, we see that Sts is finer that both Si and Sr, while Sr 
is coarser than all of them. In fact, in the lattice of uniformities on G, one has 
Sts — Si\i Sy. and Sr — Si kS^. 

Though these uniformities are in general distinct, they all generate the original 
topology on G. This can be seen by noting first that for any symmetric open W 3 1 
and X £ G, one has S^\_x\ - xW n Wx, which is a neighbourhood of x in G, and thus 
the topology generated by Sts is coarser than the topology on G. Secondly, if U is 
an open neighbourhood of x in G, then there is a symmetric open W 3 1 such that 
S^[x] - WxW c f/, whence the Roelcke uniformity generates a topology as fine as 
the topology on G. 

Note also that if G is first countable, then each of the above uniformities have 
countable fundamental systems and thus are induced by ecarts dts,di,dr and du. 
It follows that each of these induce the topology on G and hence in fact must be 
metrics on G. Moreover, since the sets E\^ are invariant under multiplication on 
the left, the uniformity Si has a countable fundamental system of left-invariant sets, 
implying that the metric d/ can be made left-invariant. Similarly, dr can be made 
right-invariant and, in fact, one can set dr{g,h) - di{g~^,h~^). Moreover, since Sts - 
SiM Sr, one sees that di + d^ is a compatible metric for the uniformity Sts and thus 
one can choose dts -di+dr- 

A topological group is said to be Raikov complete if it is complete with respect 
to the two-sided uniformity and Weil complete if complete with respect to the left 
uniformity. This is equivalent to the completeness of the metrics dts and di respec- 
tively. Polish groups are always Raikov complete. On the other hand, Weil complete 
Polish groups are by the above exactly those that admit a compatible, complete, left- 
invariant metric, something that fails in general. 
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A function cp: X —^ R defined on a uniform space (X,S) is uniformly continuous if 
for any e > there is some V eS such that 

(x,y) eV ^ \(p(x) - (p(y)\ < e. 

The following lemma is well-known (see, e.g., Theorem 1.14 11121 and Theorem 2.4 
lHI), but we include the simple proof for completeness. 

Lemma 1.8. Let (X,S) be a uniform space. Then any uniformly continuous function 
(p: X ^Uis bounded if and only if for any V eS there is a finite set F qX and an n 
such that X^VIFI 

Proof Suppose first that for any V e S there is a finite set such that X - V^IF] 
and that cp: X ^K is uniformly continuous. Fix V eS such that \(p(x) - qi{y)\ < 1 
whenever ix,y) £ V and pick a corresponding finite set F Q X. Then for any z e X 
there are yo,-.- ,yn such that (yi,yi+i) £ V and yo eF,yn^ z, whence 
\(p{x) - (p{z)\ = \(p(yo) - (p(yn)\ 

« \(p(yo) - (p(yi)\ + \(p(yi) - (piy2)\ + ■■■ + \(p(yn-i) - (p(yn)\ 

<n. 

Since F is finite, it follows that cp is bounded. 

Suppose conversely that F £ <? is a symmetric set such that for all n and finite 
FqX,X9^ VIF]. Assume first that there is some xeX such that Vlx] C V^-^Hx] 
for all n ^ 1 and extend (V^")nsi to a bi-infinite sequence (Un)n£Z of symmetric sets 
in S such that U^ Q Un+i for all neZ. Defining S,d: X xX ^U^o^Y 

Six,y)^inf{2''\ix,y)eUn} 

and 

n 

d(x,y) - inf{ ^ S{xi-i,Xi} | xq = x, x„ = y}, 

i = l 

as in the Birkhoff-Kakutani theorem, we get that ^5 ^d ^d. Moreover, q}(y) - d(x,y) 
defines a uniformly continuous function on X. To see that cp is unbounded, for any n 
it suffices to pick some y $ y^"[x] = Unix], i.e., (x,^) $ Un and thus ip(y) S ^S(x,y) > 
2". 

Suppose, on the other hand, that for any xeX there is some nx such that ¥"■' [x] = 
y"^"^^[x]. Then, by the symmetry of V, for any x,y either y"»^[x] - V"-y[y] or y"'^[x]n 
y"5'[y] - 0. Picking inductively xi,X2,... such that Xk+i C y'^'^iLxi] U ... uy"'*[x^], 
the ¥"'">' [xk] are all disjoint and we can therefore let (p be constantly equal to k on 
y"""* [xk] and on XXU/tsi V""'k [x^]. Then (p is unbounded but uniformly continuous. 

D 

1.2. Constructions of linear and affine actions on Banach spaces. Fix a non- 
empty set X and let coo(X) denote the vector space of finitely supported functions 
(: X ^R. The subspace IVIl(X) c coo(X) consists of all m e coo(X) for which 

^ m(x) - 0. 

Alternatively, M{X) is the hyperplane in coo(X) given as the kernel of the functional 
m -^ HxeX^ix). The elements of IVIl(X) are called molecules and basic among these 
are the atoms, i.e., the molecules of the form 

^x,y — Ox ~ Oy, 
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where x,y eX and Sx is the Dirac measure at x. As can easily be seen by induction 
on the cardinahty of its support, any molecule m can be written as a finite linear 
combination of atoms, i.e., 

n 

m = J^aimx„y,, 

i=l 

for some Xi,yi e X and a; e U. 

Also, if G is a group acting on X, one obtains an action of G on IVIl(X) by linear 
automorphisms, i.e., a linear representation n: : G -^ GL(M(X)), by setting 

n{g)m - mig~^ ■ ), 

whence 

n n 

n(g){ ^ aimx„y,] = X ai>ngx„gy, 

i = l i = l 

for any molecule m - T.1^-^ aiiUxi^yi e M{X) and g^G. 

Suppose now Z is an IR-vector space and consider the group Aff(Z) of affine auto- 
morphisms of Z. This splits as a semidirect product 

Aff(Z) = GL(Z) K Z, 

that is, Aff(Z) is isomorphic to the Cartesian product GL(Z) x Z with the group 
multiplication 

{T,x)*(S,y)^{TS,x + Ty). 

Equivalently, the action of {T,x) on Z is given by (T,x){z) - Tz+x. Therefore, if 
p: G ^ Aff(Z) is a homomorphism from a group G, it decomposes as p-n xb, where 
7i: G ^ GL(Z) is a homomorphism and b: G ^ Z satisfies the cocycle relation 

b{gh)^b{g) + n{g)[b(h)]. 

In this case, we say that 6 is a cocycle associated to n and note that the affine action 
of G on Z corresponding to p has a fixed point on Z if and only if 6 is a coboundary, 
i.e., if there is some x e Z such that b(g) - n(g)x - x. 

Returning to our space of molecules, suppose G acts on the set X and let tt : G ^ 
GL(M1(Z)) denote the linear representation of G given by n(g)m - m(g~^ ■ ). Now, for 
any point e £ X, we let (pe'. X ^ M(X) be the injection defined by 

(l)e(x)-mx,e 

and construct a cocycle be'- G ^ M(X) associated to n by setting 

beig)^mge,e- 

To verify the cocycle relation, note that for g,heG 

beigh) = mghe,e = mge,e + mghe,ge = beig) + 7l(g)[beih)). 

We let pe'- G ^ Aff(y(X)) denote the corresponding affine representation pe -n xbg 
of G on M1(Z). 

With these choices, it is easy to check that for any g eG the following diagram 
commutes. 

X — ^— X 



/i{X) ► MiX) 

pAg) 
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Indeed, for any xeX, 

(Pe(^) 0(/)g)(x) = Peig)imx,e) - Mg)(mx,e) + beig) - m.gx,ge + mge,e - mgx,e - [<Pe°g]ix). 

Now, if 1// is a non-negative kernel on X, that is, a function yr: X xX ^ IRso, one 
can define a pseudonorm on M1(X), by the formula 

n n 

llmll^ = inf(^ la; |i//(a:i, 3/^)1/71 = Y.°-i^=^i,yi)- 

1 = 1 i = l 

Thus, if 1// is G-invariant, one sees that n: G ^ GLi{M(X)) corresponds to an action 
by linear isometries on (y(X), \\-\\y,) and so the action extends to an isometric action 
on the completion of M(X) with respect to \\-\\y/. On the other hand, if i// is no longer 
G-invariant, but instead satisfies 

il/igx,gy)^Kgti/(x,y) 

for all x,y eX and some constant Kg depending only on ^ e G, then every operator 
7i{g) is bounded, ||7r(^)||,^ ^ Kg, and so again the action of G extends to an action by 
bounded automorphisms on the completion of (M(X), |M|^). 

A special case of this construction is when i// is a metric d on X, in which case 
we denote the resulting Areres-£eZ/s norm by ||-||^ instead of |M|,^. An easy exercise 
using the triangle inequality shows that in the computation of the norm by 



n 



||m||^ = inf(^ \ai\d{xi,yi)\m = '^"■i'^xi,yi), 

i = l i = l 

the infimum is attained at some presentation m - T.1^iaimxi,yi where xi and yi all 
belong to the support of m. Moreover, as is well-known (see, e.g., I;29J ). the norm is 
equivalently computed by 

||m||^ = sup( ^ m(x)f(x) \f:X^Uis 1-Lipschitz ), 

and so, in particular, \\mx,y 11^ - d{x,y) for any x,y eX. 

We denote the completion of M(X) with respect to |1-||^ by JE(X), which we call 
the Arens-Eells space of {X,d). It is not difficult to verify that the set of molecules 
that are rational linear combinations of atoms with support in a dense subset oiX is 
dense in M(X) and thus, provided X is separable, JE{X) is a separable Banach space. 
A fuller account of the Arens-Eells space can be found in the book by N. Weaver |29|. 

Now, recall that by the Mazur-Ulam Theorem, any surjective isometry between 
two Banach spaces is affine and hence, in particular, the group of all isometries of 
a Banach space Z coincides with the group of all affine isometries of Z. To avoid 
confusion, we shall denote the latter by IsomAff(Z) and let IsomLin(Z) be the sub- 
group consisting of all linear isometries of Z. By the preceding discussion, we have 
IsomAff(Z) = IsomLin(Z) k Z. 

1.3. Topologies on transformation groups. Recall that if X is a Banach space 
and B(X) the algebra of bounded linear operators on X, the strong operator topology 
(SOT) on B(X) is just the topology of pointwise convergence on X, that is, if T; , T £ 
B(X), we have 

Ti^T ^^^ WTiX-TxW^QforallxeX. 

SOT 

In general, the operation of composition of operators is not strongly (i.e., SOT) con- 
tinuous, but if one restricts it to a norm bounded subset of B(X) it will be. 
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Similarly, if we restrict to a norm bounded subset of GL(X) Q B(X), then inversion 
T ^ T~^ is also strongly continuous and so, in particular, IsomLin(-X^) ^ GL(X) is a 
topological group with respect to the strong operator topology. In fact, provided X is 
separable, IsomLin(^) is a Polish group in the strong operator topology. 

Recall that an action G r\X of a topological group G on a topological space X is 
continuous if it is jointly continuous as a map from GxX toX. Now, as can easily be 
checked by hand, if G acts by isometrics on a metric space X, then joint continuity of 
G X X ^ X is equivalent to the map geO^ gxeX being continuous for every xeX. 

Thus, an action of a topological group G by linear isometrics on a Banach space 
X is continuous if and only if the corresponding representation n: G ^ IsomLin(X) 
is strongly continuous, i.e., if it is continuous with respect to the strong operator 
topology on IsomLin(X)- 

Since GL(X) is not in general a topological group in the strong operator topol- 
ogy, one has to be a bit more careful when dealing with not necessarily isometric 
representations. 

Assume first that n:G—' GL(X) is a representation of a Polish group by bounded 
automorphisms of a Banach space X such that the corresponding action G r\X is, 
continuous. We claim that lljr(^)|l is bounded in a neighbourhood U of the identity 
1 in G. For if not, we could find ^„ ^ 1 such that ||7r(g„)|| > n^ and so for some 
Xn ^X, \\xn\\ - 1, we have l|7r(^„)x„|| >n^. But then 0„ - ^ ^ 0, while \\nign)zn\\ >n, 
contracting that n(gn)zn -^ 7r(l)0 = by continuity of the action. Moreover, n is easily 
seen to be strongly continuous. 

Conversely, assume that n: G ^ GL(X) is a strongly continuous representation 
such that l|7r(g^)|| is bounded by a constant K in some neighbourhood U 3l. Then, by 
strong continuity oin,i{£>Q,xeX and g cG are given, we can find a neighbourhood 
y 3 1 such that ||7r(i;^)a; - 7t(g)x\\ < e/2 for v eV. It follows that if \\y - x|| < 2K\in(g)\\ 
and V eVnU, then 

\\nivg)y - n(g)x\\ ^ \\n(vg)y - n(vg)x\\ + ||7r(i;^)x - 7r(g-)x|| 

^||7r(i;)||||7r(g)||||y-x||+e/2 

showing that the action is continuous. 

Therefore, a representation n: G ^ GL(Z) corresponds to a continuous action 
G r\ X a and only if (i) n is strongly continuous and (ii) ||7r(^)|| is bounded in a 
neighbourhood of 1 £ G. For simplicity, we shall simply designate this by continuity 
of the representation n. 

Similarly, a representation p: G ^ Aff(X) by continuous affine transformations of 
X corresponds to a continuous action of G on X if and only if both the corresponding 
linear representation n: G^ GL(X) and the cocycle b: G ^X are continuous. 

1.4. Property (OB). Our first boundedness property is among the weakest of those 
studied and originated in li201 as a topological analogue of a purely algebraic property 
initially investigated by G. M. Bergman (8|. 

Definition 1.9. A topological group G is said to have property (OB) if whenever G 
acts continuously by isometrics on a metric space, every orbit is bounded. 

Since continuity of an isometric action of G is equivalent to continuity of the maps 
g^ gx for all xeX, property (OB) for G can be reformulated as follows: Whenever G 
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acts by isometries on a metric space iX,d), such that for every xeX the map g^ gx 
is continuous, every orbit is bounded. 

We recall some of the equivalent characterisations of property (OB) for Polish 
groups, a few of which were shown in 1201 . 

Theorem 1.10. Let G be a Polish group. Then the following conditions are equiva- 
lent. 

(1) G has property (OB), 

(2) whenever G acts continuously by affine isometries on a separable Banach 
space, every orbit is bounded, 

(3) any continuous linear representation n: G ->■ GL(X) on a separable Banach 
space is bounded, i.e., s\rpg^Q\\Ti{g)\\ <oo, 

(4) whenever Wo ^ Wi c W2 ^ . . . ^ G is an exhaustive sequence of open subsets, 
then G - W„ for some n,k^ 1, 

(5) for any open symmetric V ^ there is a finite set F qG and some k^l such 
that G = {FVf, 

(6) (i) G is not the union of a chain of proper open subgroups, and 

(ii) if V is a symmetric open generating set for G, then G-V for some k> 1. 

(7) any compatible left-invariant metric on G is bounded, 

(8) any continuous left-invariant ecart on G is bounded, 

(9) any continuous length function £: G ^ IR+, i.e., satisfying ^(1) = and £(xy) ^ 
£ix) + £(y), is bounded. 

Proof All but items (2), (3) , (8) and (9) were shown to be equivalent to (OB) in (20). 
Now, (8) and (9) easily follow from (4), while (8) implies (7), and left-invariant ecarts 
d and length-functions £ are dual by £(g) = d(g,l) and d(g,h) = £(h~^g). Also, (2) 
is immediate from (1). And if tt: G ^ GL(X) is a continuous linear representation, 
then ||7r(g^)|| is bounded in a neighbourhood of 1. So, if (5) holds, then n is bounded, 
showing (5)^(3). 

(2)=>(1): We show the contrapositive, that is, if G acts continuously and isometri- 
cally on a separable metric space (X,d) with unbounded orbits, then G acts continu- 
ously and by affine isometries on the Arens-Eells space /E{X) space such that every 
orbit is unbounded. 

As in Section 11.21 let n denote the isometric linear representation of G on JE{X) 
induced by the action n{g)m - m(g~^ ■ ) on M(X) and, for any point e eX, construct 
a cocycle be. G ^ JE(X) associated to n by setting 

beig)^mge,e- 

Define also an isometric embedding (p,,: X ^ JE{X) by 

(peix:)-mx,e- 
To verify that (pe indeed is an isometry, note that 

Wipeix) - cl)e(y)\\ - \\(5x-5e)-(5y-5e)\\ - WS^-SyW - d{x,y). 

As noted in Section [L2l (pe conjugates the G-action on X with pe and thus, as G has 
an unbounded orbit on X, it follows that G has an unbounded orbit on JE{X) via the 
affine isometric action pe . 

(3)^(7): Again we show that contrapositive. So suppose d is an unbounded com- 
patible left-invariant metric on G and let ct : G ^ [l,oo[ be the function defined by 

a(g)^exTpd(g,lG) 
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and note that o-(Ig) - 1, (T{g~^) - a(g) and a(gh) ^ a(g)a(h). Also, for g € G, let 
jr(^) £ GL(M(G)) be the invertible linear operator defined by n(g)m = m(.g~^ • ). 
Let now y/: G^ ^ IRjo be the non-negative kernel on G defined by 

y/(g,h) = a(g)o{h)d(g,h) 

and consider the corresponding pseudonorm 

n n 

\\m\\-^=ynS[Y,\ai\\lf{pi,qi) \ m^Y."'i"^Pi,ii)- 

Note that for any g,h,f e G, one has 

yfigh,gf) = a(gh)a(gf)d(gh,gf) ^ aigfaih}a(f)dih,f} = a(g)\{h,f), 
and so \\n(g)\\^ ^ aigf . 

Claim 1.11. Suppose m e IVII(G) is a molecule, g^G and a > 0. Then, ifmih) - for 
all h^ g with d(g,h) < a, we have 

\\m\\^ > \m(g)\ae^^[d(g,l) - a). 

To see this, let m - Y-I^icump^^q^ be any presentation of w and let A be the set 
off £ [l,n] such that either d(g,pi) < a or d(g,qi) < a. Set also mi = Z;eAOi'"pi,gi 
and m2 -'E.uAO'i^Pi,qi> whence ni2(h) - whenever d(g,h) < a. Since m -mi +m.2, 
it follows that m\{h) - m{h) - for any h ^ g with d(g,h) < a. Moreover, by the 
definition of a, we see that a(h) > exp [d(g, 1) - a] for any heG with d(g,h) < a and 
so for any i eA, 

exp(d(^,l)-a) <a(pi)a(qi). 

Now, by the calculus for the Arens-Eells space, there is a presentation mi - 
YJl^ibimr^^Si, with ri,Si £ supp(mi) and ri ^ st, minimising the estimate for the 
Arens-Eells norm of mi, in particular, such that 

k 
Y,\bi\d(ri,Si)^ Y, \ai\dipi,qi). 

Letting C be the set of i e [l,k] such that either ri- g or si- g, we see that 
\m(g)\ = \mi(g)\ = I X bimr„s,ig)\ « L l^^l- 

ieC ieC 

Moreover, for i e C, d(ri,Si)^ a and thus 



\m(g)\a^ Y,\bi\d{ri,Si)^ ^ |aj|d(p,,g;). 



It thus follows that 



|m(g)|aexp(d(g-,l)-a) < ^ \ai\(r{pi)(y{qi)d{pi,qi)^Y.\ai\(r{pi)a(qi)d{pi,qi). 

jeA i=l 

Since the presentation m -Y-I^iiimp^^q^ was arbitrary, this shows that 

\m{g)\aexTp[d{g,l) - a) ^ ||m||y, 

which proves the claim. 

Note that then if m is any non-zero molecule, we can choose g ^\in its support 
and let < a < \d{g, 1) be such that m{h) - for any h^ g with d{g,h) < a. Then 
||to||^ ^ \m{g)\ae-KTp[d{g,l) - a] >0, which shows that \\-\\^, is a norm on IVII(G). 



GLOBAL AND LOCAL BOUNDEDNESS OF POLISH GROUPS 13 

Also, ii f,h £ G with d{f,h) > 1, then llm/^/JI^ > exp(d(/',l)- l). Therefore, if we 
let gn^Ghe such that d{l,g~^) — ► oo and pick f,h e G with d{f,h) > 1, then 

\\n(gn)mf^h\\v^ IIWg„/-,g„/ill^Sexp(d(g-„/',l)-l) = exp(d(/',^;^)-l) — ► oo, 



n^oo 



showing that also ||7r(^„)|L — ► cxd. 

Also, as is easy to verify, if Z) is a countable dense subset of G, the set of molecules 
that are rational linear combinations of atoms mgk with g,heD is & countable dense 

subset of (y(G), IMIi/<)- So the completion Z - M(G) "^ is a separable Banach space 
and n: G ^ GL.(M(G),\\-\\y,) extends to a continuous action of G by bounded linear 
automorphisms on Z with ||:^(^)||^ unbounded. D 

1.5. Bounded uniformities. For each of the uniformities considered in Section fLll 
one may consider the class of groups for which they are bounded in the sense of 
every real valued uniformly continuous function being bounded, cf Lemma Fl.SI Of 
course, such considerations are not new and indeed for the left, or equivalently right 
uniformity, appeared in the work of J. Hejcman fl2l (see also (D)- 

Definition 1.12. I12II A topological group G is bounded if for any open V 3 1 there is 
a finite set F ^G and some k^ 1 such that G - FV . 

Recall that a function q): G —^Ris left-uniformly continuous if for any e> Q there 
is an open F 3 1 such that 

\/x,yeG {x~^y eV ^ \(p{x) - (p{y)\ < e). 

We then have the following reformulation of boundedness. 

Proposition 1.13. The following are equivalent for a Polish group G. 

(1) G is bounded, 

(2) any left-uniformly continuous cp: G ^Ris bounded, 

(3) G has property (OB) and any open subgroup has finite index. 

Proof (1)=>(2): This implication is already contained in Lemma [L8l 

(2)=>(3): IfH ^ G is an open subgroup with infinite index, let xi,X2, . . . be left coset 
representatives for H and define (p: G ^ R by (p(,y) - n for all y e XnH. Then cp is left- 
uniformly continuous and unbounded. Also if G fails property (OB) it admits an 
unbounded continuous length function £: G ^U+. But then £ is also left-uniformly 
continuous. 

(3)=>(1): Suppose that G has property (OB) and that any open subgroup has finite 
index. Then whenever V 3 1 is open, the group generated (V) - Unsi V is open and 
must have finite index in G. Now, by Proposition 4.3 in 1201, also (V) has property 
(OB) and, in particular, there is some k^l such that (V) - V^ . Letting i^ c G be a 
finite set of left coset representatives for (V) in G, we have G = FV^, showing that 
G is bounded. D 

A function q>: G — ► K is uniformly continuous if for any c> there is an open V 3 1 
such that 

Vx,y e G (y E VxV -^ \q)(x) - q)(y)\ < e). 

Equivalently, (p is uniformly continuous if it simultaneously left and right uniformly 
continuous, i.e., continuous with respect to the Roelcke uniformity. 
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Definition 1.14. A topological group G is Roelcke bounded if for any open V 3 1 
there is a finite set F qG and some k> 1 such that G - V FV . 

As for boundedness, we have the following reformulations of Roelcke bounded- 
ness. 

Proposition 1.15. The following are equivalent for a Polish group G. 

(1) G is Roelcke bounded, 

(2) any uniformly continuous <p: G —^Kis bounded, 

(3) (a) for any open subgroup H, the double coset space H\G/H is finite, and 
(b) any open subgroup has property (OB). 



Proof Again the implication from (1) to (2) follows from Lemma [L8l 

(2)^(3): If H ^G is an open subgroup, then any (p: G ^U that is constant on each 
double coset HxH will be uniformly continuous. So if the double coset space H\G/H 
is infinite, then G supports an unbounded uniformly continuous function. 

Also, if /i^ ^ G is an open subgroup without property (OB), then there is an un- 
bounded continuous length function £: H ^ U+. Setting £{x) = for all x e G\H, 
£: G ^Uis uniformly continuous, but unbounded. 

(3)^(1): Assume that (3) holds and that V 3 1 is an open set. Then the open 
subgroup (V) has property (OB) and hence for some k^ 1, (V) = V^. Moreover, the 
double coset space {V)\G/<V) is finite and G = {V)F(V) = V'^FV'' for some finite set 

FcG. a 

Note that if G is a Polish group all of whose open subgroups have finite index, e.g., 
if G is connected, then the three properties of boundedness, Roelcke boundedness 
and property (OB) are equivalent. 

By Proposition 4.3 of 120], if G is a Polish group with property (OB) and H ^G is 
an open subgroup of finite index, then H also has property (OB). However, it remains 
an open problem whether property (OB) actually passes to all open subgroups of 
(necessarily) countably index. Note that if this where to be the case, condition (3) in 
Proposition 11.151 above would simplify. 

Problem 1.16. Suppose G is a Polish group with property (OB) and // ^ G is an 
open subgroup. Does H have property (OB)? 

Since a Polish group is easily seen to be bounded for the left uniformity if and 
only if it is bounded for the right uniformity, the only remaining case is the two-sided 
uniformity. Unfortunately, other than Lemma 11.81 we do not have any informative 
reformulation of this property for Polish groups. 

Definition 1.17. A topological group G is (f^s-bounded if for any open V 3 1 there is 
a finite set F qG and some k ^ 1 such that for any g &G there are xo,---,Xk-i and 
Xk-g such that xq £ F, Xi+\ e xiV and x'^^-^ £ ^i^^ for M i- 

1.6. Roelcke precompactness. The notion of Roelcke precompactness originates 
in the work of W. Roelcke II19I on uniformities on groups and has recently been devel- 
oped primarily by Uspenskii ||25l|26l|27l|281 and, in the work of T Tsankov |24|, fund 
some very interesting applications in the classification of unitary representations 
of non-Archimedean Polish groups. Tsankov was also able to essentially charac- 
terise Ko-categoricity of a countable model theoretical structure in terms of Roelcke 
precompactness of its automorphism group, thus refining the classical theorem of 
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Engeler, Ryll-Nardzewski and Svenonius (see I.13J ). We present a related character- 
isation in Proposition [L20] below. 

Definition 1.18. A topological group G is Roelcke precompact if and only if for any 
open y 3 1 there is a finite set F ^G such that G - VFV. 

Note that, by Theorem 11.11 precompactness with respect to either of the three 
other uniformities on a Polish group is simply equivalent to compactness. So Roelcke 
precompactness is the only interesting notion. 

Suppose G is a group acting by isometrics on a metric space {X,d). For any n^l, 
we let G act diagonally on X"-, i.e., 

g-{xi,...,Xn)^{gXl,...,gXn), 

and equip X"- with the supremum metric doo defined from d by 
dco((xi,...,x„),(3'i,...,y„))= sup d{xi,yi). 

Definition 1.19. An isometric action a: G r\X by a group G on a metric space (X,d) 
is said to be approximately oligomorphic if for any n^l and £>0 there is a finite set 
A c X" such that 

G-A^{g-x\geG & xeA] 
is e-dense in (X",cZoo). 

Proposition 1.20. The following are equivalent for a Polish group G. 

(1) G is Roelcke precompact, 

(2) for every n^l and open V 3 1 there is a finite set F qG such that 

Gx...xG = V-( fVx. . .xfV ) 

n times n times 

(3) for any continuous isometric action a: G r\X on a metric space (X,d) induc- 
ing a dense orbit, any open U 3 1, e > and n^ 1, there is a finite set A Q X" 
such that U -A is e-dense in {X"- ,dao), 

(4) G is topologically isomorphic to a closed subgroup H ^ Isom.{X,d), where 
iX,d) is a separable complete metric space, lsomiX,d) is equipped with the 
topology of pointwise convergence and the action ofH on X is approximately 
oligomorphic and induces a dense orbit. 

The implication from (1) to (3) was essentially noted in II24I . 

Proof (1)=>(2): The proof is by induction on re & 1, the case n = 1 corresponding 
directly to Roelcke precompactness. 

Now suppose the result hold for n and fix y 3 1 symmetric open. Choose a sym- 
metric open set W 3 1 such that W^ Q V and find by the induction hypothesis some 
finite set D qG such that 

Gx...xG^W-( pWx. xDW) . 

n times n times 

Set now [/ = y n HdeD dWd''^ and pick a finite set £ c G such that G = UEU. We 
claim that for F -D\jE, we have 

G X . . . X G = y ■ (Fyx_^_x£y ). 

rt+1 times 71 + 1 times 
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To see this, suppose xi,...,Xn,y ^G are given. By choice of D , there are w eW and 
di,...,dn^D such that a:; e wdiW for all i -l,...,n. Now find some ueU such that 
w~^y e uEU, whence y e wuEV. Since u~^ eU ^ dWd~^ for every d eD, we have 
d~^^u~^di e W for every i and so 

xiewdiW -wdi-dj udi-dj u~ dfW QwudiW ^wudiV. 
Thus, 

(xi,...,Xn,y)ewu(DVx...xDVxEV)QV-(DV>c...xDVxEV), 

n times n times 

which settles the claim and thus the induction step. 

(2)=>(3): Suppose [/ 3 1 is open, re S 1, c > and fix any xeX. Let also V -Un{ge 
G I digx,x) < e/2}. Pick a finite set F c G such that 

Gx...xG^V-{ FVx. xFV) . 

n times n times 

and set A - {ifix,...,fnx) | /"; eF}cZ". Then if (yi,...,3'„)£X", we can find gieG 
such that d(yi,gix) < e/2 for all i. Also, there are w,Vi e V such that gi = wfiVi, 
whence 

d{yi,wfix)^diyi,gtx) + digiX,wfix) 
^el2 + d(wfiViX,wfix) 
-el2 + d{viX,x) 

< e/2 + e/2. 

In particular, V ■ A and hence also C/ ■ A is e-dense in X" . 

(3)=>(4): Let d be a compatible left-invariant metric on G and let X be the com- 
pletion of G with respect to d. Since the left-shift action of G on itself is transitive, 
this action extends to a continuous action by isometries on {X,d) with a dense or- 
bit. Moreover, we can see G as a closed subgroup of Isom(X,d), when the latter is 
equipped with the pointwise convergence topology. By (3), the action of G on X is 
approximately oligomorphic. 

The implication (4)=>(1) is implicit in the proof of Theorem 5.2 in II20II . D 

We shall return to the microscopic properties of Roelcke precompact Polish groups 
later in Section [H 

1.7. Fixed point properties. We shall now briefly consider the connection between 
the aforementioned boundedness properties and fixed point properties for affine ac- 
tions on Banach spaces. 

Definition 1.21. A Polish group G has property (ACR) if any affine continuous action 
ofG on a separable reflexive Banach space has a fixed point. 

Proposition 1.22. Any Polish group with property (OB) has property (ACR). 

Proof Assume G has property (OB) and that p: G ^ Aff(X) is a continuous affine 

representation on a separable reflexive Banach space X with linear part n: G ^ 

GL(X) and associated cocycle b: G ^ X. Since G has property (OB), the linear part 

n is bounded, i.e., supg^QWuig)]] < cxd, and we can therefore define a new equivalent 

norm ||| • |{| on X by 

|||x|||=sup||7r(g-)x||, 
ge.G 
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i.e., inducing the original topology on X. By construction, ||| ■ ||| is 7r(G)-invariant and 
thus p is an affine isometric representation of G on (X, \\\ ■ |||). By property (OB), every 
orbit p(G)x c X is bounded and so, e.g., C - conv(p(G)0) is a bounded closed convex 
set invariant under the affine action of G. As X is reflexive, C is weakly compact, 
and thus G acts by affine isometries on the weakly compact convex set C with respect 
to the norm ||| • |||. It follows by the Ryll-Nardzewski fixed point theorem (Thm 12.22 
(SjI) that G has a fixed point on X. D 

Recall that a topological group G is said to have property (FH) if any continuous 
affine isometric action on a Hilbert space has a fixed point, or, equivalently, has 
bounded orbits (see 161). So clearly property (ACR) is stronger than (FH). Similarly, 
fixed point properties for affine isometric actions on a Banach space X have been 
studied for a variety of other classes of Banach spaces such as L^ and uniformly 
convex spaces [2,7]. It is worth noting that (ACR) characterises the compact groups 
within the class of locally compact Polish groups. This follows for example from the 
fact, proved by U. Haagerup and A. Przybyszewska IfTll . that any locally compact 
Polish group G admits a continuous affine isometric action on the strictly convex 
and reflexive space (©„l2«(G))2 such that 11^-^-^11 ^ oo for all ( e{ei^L^" (G)) 2- 

Also, as will be seen in Theorem ll.381 any non-compact locally compact Polish group 
G admits a continuous affine (not necessarily isometric) action on a separable Hilbert 
space with unbounded orbits. 

A word of caution is also in its place with regards to continuous affine actions. 
While for an isometric action, either all orbits are bounded or no orbit is bounded, 
this is certainly not so for a general affine action on a Banach space. E.g., one can 
have a fixed point and still have unbounded orbits. 

Example 1.23. There are examples of Polish groups that admit no non-trivial con- 
tinuous representations in GL(.^) or even in GL(X), where X is any separable re- 
flexive Banach space. For example, note that the group of increasing homeomor- 
phisms of [0,1] with the topology of uniform convergence, G - Homeo+([0,1]), has 
property (OB) (one way to see this is to note that the oligomorphic and hence Roelcke 
precompact group Aut(Q),<) maps onto a dense subgroup of Homeo+([0, 1])). There- 
fore, any continuous representation n:G—^ GL(X) must be bounded, whence 

|||x|||=supI|:t(§)x|| 

is an equivalent G-invariant norm on X. Though the norm may change, X is of 
course still reflexive under the new norm and so n can be seen as a strongly contin- 
uous linear isometric representation of G on a reflexive Banach space. However, as 
shown by M. Megrelishvili ||15J, any such representation is trivial, and so Ti{g) - Id 
for any geG. 

Though we have no example to this effect, the above example does seem to indicate 
that the class of reflexive spaces is too small to provide a characterisation of property 
(OB) and thus the implication (OB)^(ACR) should not reverse in general. 

1.8. Property (OB^) and examples. We shall now consider a strengthening of 
property (OB) along with the class of Polish SIN groups. 

Definition 1.24. Let k^l. A Polish group G is said to have property (OB^) if when- 
ever 

W0CW1CW2C...CG 



18 CHRISTIAN ROSENDAL 

is a exhaustive sequence of open subsets, then G - W„ for some n> 1. 

Again, property (OB^) has the following reformulation 

• For any open symmetric V 9^ there is a finite set F <^G such that G - {FV)^ . 

Recall that a topological group is called a SIN group (for small invariant neigh- 
bourhoods) if it has a neighbourhood basis at the identity consisting of conjugacy 
invariant sets, or, equivalently, if the left and right uniformities coincide. For Polish 
groups, by a result of V. Klee, this is equivalent to having a compatible invariant 
metric, which necessarily is complete. Now, if V c G is a conjugacy invariant neigh- 
bourhood of 1, then FV - VF for any set F Q G, so we have the following set of 
equivalences. 

Proposition 1.25. Let G be a Polish SIN group. Then the following conditions are 
equivalent. 

(1) G is compact, 

(2) G is Roelcke precompact, 

(3) G has property (OB,^) /or some k^l. 

Also, the following conditions are equivalent. 

(1) G is Sts-bounded, 

(2) G is bounded, 

(3) G is Roelcke bounded, 

(4) G has property (OB). 

Proof The only non-trivial fact is that property (OB^) implies compactness. But if G 
has property (OB,^), then for any conjugacy invariant open set V 3 1, there is a finite 
set F c G such that G = (VF)'' = V^F^. So if G is a SIN group, then for any open set 
V 3 1 there is a finite set F c G such that G = VF, i.e., G is precompact. Since G is 
Polish, it will actually be compact. D 

Example 1.26. Let E be the orbit equivalence relation induced by a measure pre- 
serving ergodic automorphism of [0, 1] and let [E] denote the corresponding full 
group, i.e., the group of measure-preserving automorphisms T: [0,1] -^ [0,1] such 
that xETix) for almost all x e [0, 1], equipped with the invariant metric 

d(T,S) = A({x e [0, 1] | T(x) ^ Six)}). 

Then [E] is a non-compact, Polish SIN group and, as shown in |[T6ll . E has property 
(OB). Thus, [E] cannot have property (OB^) for any k^l. 

Example 1.27. For another example, consider the separable commutative C* -alge- 
bra (C(2^,C), IMIoo) and the closed multiplicative subgroup C(2'^,T) consisting of all 
continuous maps from Cantor space 2'^ to the circle group T. So C(2'^, T) is an abelian 
Polish group. Moreover, we claim that for any neighbourhood V of the identity in 
C(2'^, T), there is a ^ such that any element g £ C(2'^, T) can be written as g - f^ for 
some f e V. 

To see this, find some k> 1 such that any continuous 

/■ : 2~ - [/ = {e^"'" ej\-l/k<a<l/k] 

belongs to V. Fix g e C(2'^, T) and note that 

A = {x e 2~ I g{x) t U} 
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and 

5 = {x E 2~ I gix) = 1} 

are disjoint closed subsets of 2^ and can therefore be separated by a clopen set C c 
2'^, i.e., AqC <=: ~B. Then for any xeC, writing gix) - e'^"'" for < a < 1, we set 

27{ia 

f(x)-e * 
Also, iixtC, write g(x) - e^"'" for some -Ilk < a< Ilk and set 

27iia 

f{x)-e k . 

Thus, f^ix) - gix) for all x e C and, since C is clopen, f is easily seen to be continuous. 
Moreover, since f only takes values in U, we see that f ^V , which proves the claim. 
In particular, this implies that C(2'^,T) is a bounded group. On the other hand, 
the usual Haar basis in C(2'^,C), i.e., the functions /i„ e C(2'^,C) defined by hnix) - 1 
if the reth coordinate of x is 1 and otherwise, form an infinite family of distance 1 
from each other, so C(2'^,T) is not compact. 

Problem 1.28. As was shown in |20|, Homeo(S^) has property (OB) and, as it has a 
connected open subgroup of finite index, it is actually bounded. On the other hand, it 
is an open problem due to V. Uspenskii whether Homeo(S^) is Roelcke precompact. 
In fact, it seems to be unknown even whether it has property (OBk) for any k^l. 

1.9. Non- Archimedean Polish groups. Of special interest in logic are the auto- 
morphism groups of countable first order structures, that is, the closed subgroups 
of the group of all permutations of the natural numbers, Soo- Recall that the topol- 
ogy on Soo is the topology of pointwise convergence on N viewed as a discrete space. 
Thus, a neighbourhood basis at the identity in Soo consists of the pointwise stabilis- 
ers (or isotropy subgroups) of finite subsets of N, which are themselves subgroups of 
Soo- As is wellknown and easy to see, the property of having a neighbourhood basis 
at 1 consisting of open subgroups actually isomorphically characterises the closed 
subgroups of Soo within the class of Polish groups. 

Definition 1.29. A Polish group G is non-Archimedean if it has a neighbourhood 
basis at 1 consisting of open subgroups. Equivalently, G is non-Archimedean if it is 
isomorphic to a closed subgroup of Soo- 

Proposition 1.30. Let G be a non-Archimedean Polish group. Then 

(1) G is Roelcke precompact if and only if it is Roelcke bounded, 

(2) G is bounded if and only if it is compact. 

Proof Note that, for a closed subgroup G of Soo, in the definition of Roelcke pre- 
compactness it suffices to quantify over open subgroups V ^G. So G is Roelcke pre- 
compact if and only if for any open subgroup V ^G, the double coset space V\G/V 
is finite, which is implied by Roelcke boundedness. As also Roelcke precompactness 
implies Roelcke boundedness, (1) follows. 

For (2), it suffices to notice that if G is not compact, then it has an open subgroup 
of infinite index and thus G cannot be bounded. D 

Example 1.31. By Theorem 5.8 of II20I . the isometry group of the rational Urysohn 
metric space QUi of diameter 1 has property (OB) even as a discrete group and thus 
also as a Polish group. However, since it acts continuously and transitively on the 
discrete set QUi, but not oligomorphically, the group cannot be Roelcke precompact. 



20 CHRISTIAN ROSENDAL 

Example 1.32. Note that if G is a non- Archimedean Pohsh group, then G is SIN if 
and only if G has a neighbourhood basis at the identity consisting of normal open 
subgroups. For this, it suffices to note that if {/ is a conjugacy invariant neighbour- 
hood of 1, then (U) is a conjugacy invariant open subgroup of G, i.e., (U) is normal 
in G. In this case, we can find a decreasing series 

G>Vo^Vi^V2^... 

of normal open subgroups of G forming a neighbourhood basis at 1, and, moreover, 
this characterises the class of Polish, non-Archimedean, SIN groups. Note also that 
such a G is compact if and only if all the quotients G/Vn are finite. Moreover, as any 
countably infinite group admits a continuous affine action on a separable Hilbert 
space without fixed points (cf Theorem ll.38D , we see that G is compact if and only if 
it has property (ACR). 

Of course, not all non- Archimedean Polish groups have non-trivial countable quo- 
tients, but, as we shall see, property (OB) can still be detected by actions on countable 
sets. 

Lemma 1.33. Let G be a non-Archimedean Polish group without property (OB). Then 
G acts continuously and by isometrics on a countable discrete metric space (X,d) with 
unbounded orbits. 

Proof. Since G fails (OB) there is an open subgroup V ^G such that for any finite 
subset FqG and any number ^ s 1 we have G ^ (VF)'' . Let also {1} = Fi c F2 Q . . . c 
G be an increasing sequence of finite symmetric subsets whose union is dense in G 
and set 

Bk^iFkVFkf-. 
Then B^ is symmetric, 1 e B^ c (5^)* c Bk+i and any two-sided coset VaV is a subset 
of all but finitely many B^. 

Consider now the left coset space G/V and define S: G/V -^ [1,cxd[ by 

6(gV,fV) = min(^ | Vf-^gV^Bk). 

Define also a metric d on G/V by d{gV,gV) - and 

k-i 
d{gV,fV) = inf( X 5{hiV,hi+iV) \ hoV,hiV,...,hkV is a path from gV to fV], 

whenever gV ^ fV. Clearly both 5 and d are invariant under the left-shift action by 
G on GfV and d(gV,fV) S 1 for any distinct gV and fV. 

Now assume towards a contradiction that d{gV,V) ^ k for all gV e G/V. Then 
certainly, by the definition of d, from any coset g^V there is a path hoV,hiV,...,hkV 
ending at hkV - V with 5{hiV,hi+iV) ^ k for all i. It follows that 

geVgV 

^Vhl^hoV 

e [Vhl^hk-iV) ■ [Vhl\hk-2V) ■ . . . ■ [Vhl^h^V] 

QBk-Bk-...-Bk 



k times 



contradicting that G^B^^ 
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We have therefore constructed a transitive action of G by isometries on the dis- 
crete metric space iG/V,d) of infinite diameter. Moreover, as F is a clopen subgroup 
of G, the action is continuous. D 

Theorem 1.34. Assume a Polish group G acts continuously and by isometries on 
a countable discrete metric space (X,d) with unbounded orbits. Then G admits an 
unbounded continuous linear representation n: G ^ GL(^) on a separable Hilbert 
space. 

Proof. Suppose that (X,d) is a countable discrete metric space on which G acts con- 
tinuously by isometries and fix some point p eX. We define a function cr on X by 
setting 

aix) = min(^ > 2 \ d{x,p) ^ 2^) 
and note that for any geG and xeX 

d(gx,p) « d(gx,gp) + d{gp,p) - dix,p) + d{gp,p), 

and so 

a(gx) « m.ax{aigp),a(x)] + 1 

and 

digx) 

—-— « a(gp). 
a(x) 

Let £2(X) denote the Hilbert space with orthonormal basis {ex)x£X- For any geG, 

we define a bounded weighted shift Tg of /2(^) by letting 

o^igx) 

and extending Tg by linearity to the linear span of the e^ and by continuity to all 
of £2(X). Note also that in this case Tg-i - T'^ and Tgf - TgTf, so the mapping 
geG ^TgE GL{£2(X)) is a continuous representation. 
Moreover, as 

and ^^. — ► oo as d(gp,p) -^ oo, we see that the representation n: g ^ Tg is un- 
bounded. D 

In the following, if V is an open subgroup of a Polish group G, we let Try : G ^ 
Sym(GA^) denote the continuous homomorphism induced by the left-shift action of 
G on GIV , where Sym(G/V) is the Polish group of all permutations of GIV with 
isotropy subgroups of gV e GIV declared to be open. 

Also, if V and W are subgroups of a common group G, we note that 

[W : W n y ] = number of distinct left cosets of V contained in WV . 
In particular, for any geG, 

W -.V CiV^I- number of distinct left cosets of V^ contained in VV^ 
- number of distinct left cosets of F contained in VgV. 
The commensurator of F in G is the subgroup 

CommoCV) = fe £ G | [V : V n F^] < oo and [V^ : V^ n V] = [F : F n V^"'] < oo}, 

whereby G - CovaroQCV) if and only if, for any geG, VgV is a finite union of left 
cosets of y. 
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Proposition 1.35. The following are equivalent for a Polish group G. 

(1) There is an open subgroup W ^G of infinite index such that G - Comm(j(W), 

(2) there is an open subgroup V <G of infinite index such that JiyiG) is a non- 
compact, locally compact subgroup of Sym(G/V). 



Proof (1)^(2): Assume that (1) holds and let V = W. To see that nv(G) is non- 
compact, just note that the :^y (G)-orbit of IV e G/V is infinite. For local compactness, 
let H denote the isotropy subgroup of IV in Sym(GA^). Since H is clopen, it suffices 
to show that HnnviG) is relatively compact, i.e., that any orbit oi Uy^iH) = V on 
G/V is finite. But this follows directly from the fact that for any gV e G/V, the set 
VgV is a union of finitely many left cosets of V. 

(2)^(1): Assume that (2) holds and find a neighbourhood U of the identity in 
Sym(GA^) such that U n 7i{G) is compact. By decreasing U, we may suppose that 
U - Hg^v n . . . nHg^v, where Hg.y is the isotropy subgroup ofgiV e G/V. Now, as U 
is clopen, we have U n Try (G) -Un nyiG) and thus U n nyiG) is compact if and only 
if [7 n JiviG) has only finite orbits on G/V, i.e., 

W^V^^n...nV^''^n-HHg^vn...nHg^v) 

has only finite orbits on G/V. Moreover, this happens exactly when, for all f ^G, 
WfV is a finite union of left cosets of V, i.e., when [W: WnV^] <oofor all f eG. 

Since the intersection of finitely many finite index subgroups of W has finite index 
in W, it follows that for any f eG, 

[W:WnW^] = [W:Wn(y^in...ny^"/] 

< oo, 
i.e., G = CommG(W). D 

1.10. Locally compact groups. We shall now turn our attention to the class of lo- 
cally compact groups and see that the hierarchy of boundedness properties in Figure 
(1) collapses to just compactness and property (FH). 

Theorem 1.36. Let G be a compactly generated, locally compact Polish group. Then 
G admits an affine continuous representation on separable Hilbert space J€ such that 
for all f e ^, 

\\g-i,\\ — c»- 

Proof Without loss of generality, G is non-compact. We fix a symmetric compact 
neighbourhood y c G of 1 generating G, i.e., such that 

ycy2cy3e...cG= U^"- 

Moreover, by the non-compactness of G, we have G i^V"- for all n and thus fi„ = 
y" \ y"~^ ^ 0. Also, for any m and n, 

B„ -fi^ c y« . V" = y«+'" c5i u . . . u5„+„. 

So, if ^ £ B„, then for any k, 

gBmCiBk ^0^k^m + n. 
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But, as also g~^ e B„, we see that 

gBm nBk^0^Bmri g~'^Bk ^0^m^k + n. 
In other words, for any geBn, 

gBm <^Bk ^0^m-n^k^m + n, 
and thus, in fact, for any m,n^ 1, 

Bn -Bm '^Bm-n U ... UBm+n- 

Now, since V^ is compact and int F ^ 0, there is a finite setF ^G such that V^ c FV, 
whence 

x(Bn) ^ A(y") ^ A(F"-^y) « li^r-U(y), 

where A is left Haar measure on G. Choosing r > max{|F|,A(y)}, we have A(B„) ^ r" 
for all re > 1. 

Consider now the algebraic direct sum ®„3iL2(5n,A) equipped with the inner 
product 






So the completion ^ of ®„giL2(-Bn, A) with respect to the corresponding norm 
consists of all Borel measurable functions f : G ^ IR satisfying 






and thus, in particular, /□ f^ dX — ► 0. Moreover, if we let ( be defined by f = ^ on 

^ n ^ 

Bn, then 






Jin -1 



- Z r^^'^^^n)-^ 



n»l 
n9l^ 

<oo. 



So ( e J6'. Also, for any f £ J6', 

nmJBn 

= f i,dX. 

JG 

Let ^Q denote the orthogonal complement of C in J^, i.e., J^q -{^eJ^\ Jq^ dX - 0}. 

We now define n: G ^ GL(J^) to be the left regular representation, i.e., n(gX - 

(ig~^-). To see that this is well-defined, that is, that each 7i(g) is a bounded operator 
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on JC, note that if g^ e 5m and i, £ J€, then 

rasl "'fin 

k»l JBi 



.^2my^2k\ ^2^^ 



k9l JBk 

Thus, ||7r(^)|| ^ 2"^ for all g e B^, showing also that lljr(^)|| is uniformly bounded for 
^ in a neighbourhood of 1 e G. 
Finally, as 



we see that =^o is 7r(G)-invariant. 

Now define a 7r-cocycle b: G ^ X^ by h{g) - n{g)xv - Xv, where xv is the charac- 
teristic function of V c G, and let p : G ^ Aff(.^) be the corresponding affine repre- 
sentation, p{g)i - 7i(g)( + b(g). Thus, 

p{g)i - f = iig-^ ■ ) + xvig-^ ■)-^-Xv 

for any geG and ( e J€. 

Claim 1.37. For all i, £ J^o (^nd K, there is a compact set C qG such that 

\\p{gH-a>K 

forallgeGXC. 

Assume first that ^ = -1 on V . Then, as ^ e ^o, we have jQ^dX-O and thus there 
must be a Borel set E <^G such that X{E) > 5 > and ^> S onE. Also, without loss of 
generality, we may assume that E'^B„ for some n> 1. Since f^ (^dX — ►O, we can 

find M>n + 2 such that for all m> M,we have r^*"*-"'^ > K and the set 

Fm^{he Bm-n U . . . U Byn+n \ \^{h)\ > -} 

has measure < |. 



GLOBAL AND LOCAL BOUNDEDNESS OF POLISH GROUPS 25 

Thus, if geBm, m> M,we have gE <^Bm-n^ ■■■^Bm+n and so gEnV - 0, while 
also EnV -0. Therefore, 

||p(^K-,^||2 ^r^f'"-"' [ [p{g)^-0'^dX 

^ r^f-"' [ (a^-i . ) + xvig-^ ■)-(- XvfdX 

JgE\F^ 
JsE\F„, 



> _2(m-n) 



>e:. 



'gE\F^ ' 



Setting C-BiU.. .uBm = V^, the claim follows. 

Assume now instead that ^ ^ -1 on V and fix A c y a Borel set of positive measure 
A(A)>e>0 such that K + 1| >e on A. As /^ (^ dX — ^O, there is an A?^>2 such that, 
for all m>N, the set 



D,n = {he Bm-l UBm liBm + 1 | K(/l)l > -| 



has measure < | . 

In particular, if g e Em for some m>N, then gA QBmBi QBm-i uBm uBm+i and 
so for any h e gA \ Dm , as gA nV -0, 

IpigXih) - i(h)\ = \ag~^h) + xvig-^h) - ah) - xvih)\ = \ag~^h) + l - <(/i) - 0| ^ |. 

It follows that for such g, 

\\p(g)(-a^^r^"'~^ f [pigX-O^dX 

JgA\Dm 2 

8 ■ 

Choosing M >N large enough such that r^^~^ ^ >K, we see that for all g $C -B^u 
...uBm-V^, we have \\p{g)(-(\\^ >K, proving the claim and thus the theorem. D 

Let us also mention that the preceding theorem holds for all locally compact sec- 
ond countable (i.e., Polish locally compact) groups. For, in order to extend the argu- 
ment above to the non-compactly generated groups, it suffices to produces a covering 
VqQViQ ... ^G hy compact subsets such that Vn-Vm^ Vn+m, which can be done, 
e.g., by Theorem 5.3 of LUJ. However, we shall not need this extension as any such 
G admits a fixed point free affine isometric action on Hilbert space. 

We can now state the following equivalences for locally compact Polish groups. 

Theorem 1.38. Let G be a locally compact Polish group and J^ be a separable 
Hilbert space. Then the following are equivalent. 

(1) G is compact, 

(2) G has property (OB), 

(3) G has property (ACR), 

(4) any continuous linear representation n: G —^ GL(J^) is bounded. 
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(5) any continuous affine representation n: G -^ A£i(JC) fixes a point, 

(6) any continuous affine representation n: G ^ PsSS.{J€) has a bounded orbit. 

Proof Clearly, (1) implies (2) and, by Proposition 11.221 (2) implies (3). Moreover, by 
Theorem ll.lOl (2) implies (4). Since (5) trivially implies (6), it suffices to show that 
(4) and (6) each imply (1). 

To see that (6) implies (1), note first that if G is not compactly generated, then G 
can be written as the union of an increasing chain of proper open subgroups, in which 
case it is well-known that G admits a continuous affine isometric representation on 
a separable Hilbert space with unbounded orbits (see Corollary 2.4.2 |6|). On the 
other hand, if G is compactly generated, it suffices to apply Theorem ll.361 

Finally, to see that (4) implies (1), assume that G is locally compact, non-compact 
and let A be left-Haar measure on G. Since G is cr-compact, we can find an exhaustive 
sequence 

of compact neighbourhoods of the identity. Set Bk - (A,(.)*' \(A,t_i)**~^", which is also 
relatively compact, and note that for any geBk, 

gBm cBoU...U5inax{A,m}+l, 

whence Bm ng~^Bi - for all I > raax{k,m] + 1. Moreover, since Aq has non-empty 
interior and every A^ is compact, it is easy to see that similarly B^ has non-empty 
interior and thus A(5^) > 0. 

We now note that for any geB^, the sets 

{Bmn^"^B;}z,m and {gBmnBi}i^m 
each form Borel partitions of G and so L2(G) can be orthogonally decomposed as 
L2(G) = ^L2{Bmng-^Bi) = ^L2{gB^ nBi). 

l,m l,m 

Moreover, for every pair m,l, we can define an isomorphism 

Tf : L2[Bmng-^Bi) - L2[gBm nBi) 

by 

T^'^(f) = exp(l-m)f(.g-^-) 

and note that ||r^''(/")||2 = exp«-7n)||/'||2 for any /■£L2(5mng--^5/). Since L2(5mn 
g~^Bi] - {0}, whenever I > max{^,m} + 1, it follows that the linear operator 

Tg^^T^-^:L2{G)^L2{G) 

m,l 

is well-defined, invertible and \\Tg\\ ^ exp(^ + 1). 

So g ^ Tg defines a continuous representation of G in GL(L2(G)). To see that 
it is unbounded, note that for any m there are arbitrarily large I such that MBm n 
g~^Bi) > for some geG and so 



hat the represe 
The following corollary is now immediate by Proposition ll.351 



Since exp(Z - m) — ► oo, we see that the representation is unbounded. D 
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Corollary 1.39. Suppose G is a Polish group and W ^ G is an open subgroup of 
infinite index with G - CommcCW). Then G admits a continuous affine representation 
on a separable Hilbert space for which every orbit is unbounded. 

2. Local boundedness properties 

Having studied the preceding global boundedness properties for Polish groups, it 
is natural to consider their local counterparts, where by this we understand the exis- 
tence of a neighbourhood U qG of the identity satisfying similar covering properties 
to those listed in Figure 1. 

2.1. A question of Solecki. As mentioned earlier, in |21| and 1 28 J . S. Solecki and 
V. Uspenskii independently showed that a Polish group G is compact if and only 
if for any open set V 3 1 there is a finite set F Q G with G = FVF. The similar 
characterisation of compactness with only one-sided translates FV on the other hand 
is fairly straightforward. 

A similar characterisation of locally compact Polish groups is also possible, namely, 
a Polish group G is locally compact if and only if there is an open set U 3l such that 
for any open F 3 1 there is a finite set F qG such that U Q FV. 

The corresponding property for two-sided translates leads to the following defini- 
tion. 

Definition 2.1. A topological group G is feebly locally compact if there is a neigh- 
bourhood U 3 1 such that for any open V 3 1 there is a finite set F ^G satisfying 
UcFVF. 

Solecki |22l originally considered groups in the complement of this class and 
termed these strongly non-locally compact groups. In connection with Solecki's |22j 
study of left-Haar null sets in Polish groups 122], the class of strongly non-locally 
compact Polish groups turned out to be of special significance when coupled with the 
following concept. 

Definition 2.2 (S. Solecki f^^l). A Polish group G is said to have a free subgroup at 
1 if there is a sequence gn^G converging to 1 which is the basis of a free non-Abelian 
group and such that any finitely generated subgroup (gi,. . . ,gn) is discrete. 

Solecki asked whether any (necessarily non-locally compact) Polish group having 
a free subgroup at 1 can be feebly locally compact (Question 5.3 in 1 22 1). We shall now 
present a fairly general construction of Polish groups that are feebly locally compact, 
but nevertheless fail to be locally compact. Depending on the specific inputs, this 
construction also provides an example with a free subgroup at 1 and hence an answer 
to Solecki's question. 

2.2. Construction. Fix a countable group F and let 

HY^{geY^\3myn>m g(n) = 1}, 

which is a subgroup of the full direct product F^. Though Hr is not closed in the 
product topology for F discrete, we can equip Hy with a complete 2-sided invariant 
ultrametric d by the following definition. 



d(^,/-) = 2" 



i{k\g{kW(k)) 
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By the definition ofHr, this is well-defined and it is trivial to see that the ultrametric 
inequality 

d{g,f) « maL!i{d(g,h),dih,f)} 
is verified. Also, since 
ma^[k \h{k)g(k) ^ h(k)f(k)) ^raax{k \g(k) ^ f{k)) ^raax{k \g(k)h{k) ^ f(k)h(k)], 

we see that the metric is 2-sided invariant and hence induces a group topology on 
Hy- Moreover, the countable set 

{geHY\{k\g{k)^l}is,fmiie] 

is dense in Hy, so Hy is separable and is easily seen to be complete, whence Hy is a 
Polish group. To avoid confusion with the identity in F, denote by e the identity in 
Hy, i.e., e(n) - 1 for all neZ. 

We now let Z act by automorphisms on Hy via bilateral shifts of sequences, that 
is, for any keZ and g e Hy, we let 

[k * g){n) - gin - k) 

for any neZ. In particular, for any g,f ^ Hy and ^ £ Z, we have 

d{k*g,k*f) = 2^d{g,f), 

i.e., ^ *fi^(e,2'") =5^(6,2"*^*), which shows that Z acts continuously on Hy- We can 
therefore form the topological semidirect product 

ZkHy, 

which is just Z x Hy equipped with the product topology and the group operation 
defined by 

{n,g)-{m,f) -(n + m,g{n*f)). 

So Z K Hy is a Polish group. Also, a neighbourhood basis at the identity is given by 
the clopen subgroups 

Vm = {(0,^) e Z K 77r I Vi > m g{i) = 1} = {0} x Brf(e,2'"), 

which implies that ZkHy is isomorphic to a closed subgroup of the infinite sjmimetric 
group Soo- Note also that 

...cy.icyocVic.... 

Then one can easily verify that for any keZ and g £ Hy 

ik,e)-iO,g)-ik,e)-^^(0,k^g) 

and hence 

{k,e)-Vm-ik,er^^(k,e)-[mxBd(e,2"'))-(k,e)-^^mxBd(e,2"'^h^V,n+k 

for any k,m eZ. 

We claim that Z k Hy is Weil complete. To see this, suppose that /"„ e Z k Hy is 
left-Cauchy i.e., that f'^fm — ► 1- Writing /■„ = (kn,gn) for ^„ e Z and gn^HY, we 

\Ya.vef~'^^[-kn,(-kn)*gn^) and SO 

fn^fm^[-kn,(-kn)* g~n^][km,gm] 

^[km-kn,({-kn) * g~„^){(-kn) * gm)) 
^[km-kn,{-kn)*{g~n^gm))- 
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Since f^^fm — <■ 1, the sequence ^^ e Z is eventually constant, say kn=k for n^ 
N, and so for all n,m>N, 

fn'fm^{0,(-k)*ig-'gm)]. 

Since Z acts continuously on Hy it follows that (-k) * igZ^gm) — " e if and only if 
gn^gm — ' e, i.e., if and only if (gn) is left-Cauchy in Hr- Since Hr has a complete 

2-sided invariant metric it follows that (gn) converges to some g e Hy and so (fn) 
converges in Z k Hy to {k,g), showing that Z k Hy is Weil complete. 

Denoting by f^^ the free non-Abelian group on infinitely many letters 01,02, ■■■, 
the following provides an easy answer to Solecki's question mentioned above. 

Theorem 2.3. The group Z k Hf^ is a non-locally compact, Weil complete Polish 
group, having a free subgroup at 1. Also, Z k Tfp^ is isomorphic to a closed subgroup 
ofSoo and there is an open subgroup U ^Zk Hf^ whose conjugates fUf~^ provide a 
neighbourhood basis at 1. In particular, Z k Hf^ feebly locally compact. 

Proof To see that Z k Hf^ is not locally compact, we define for every m e Z a contin- 
uous homomorphism 

TTm : Z K Hf^ -^ Foo 

by Jim(.k,g) = g(m). Keeping the notation from before, Vm - {0} x B^(e,2'"), we see 
that for any m eZ, Um-i : Vm ^ Fco is surjective. So no Vm is compact and hence 
Z K if F^ cannot be locally compact. Now, to see that Z x H^^ has a free subgroup at 
1, define ^„£i/r by 

a„, \ik^-n; 



gn(k)- 

1, II « > -n. 

Then(0,g-„) — ► (0,e) in ZkH^^, so if we let /3„ = (0,^„), we see that (/3i,/32,/33,...> 
is a non-discrete subgroup of Z xHf^. To see that {/3i,/32,/53,...} is a free basis for 
(Pi,P2,t^3,---), it suffices to see that for every 71, (/3i,/52,--- ,/5n) is freely generated by 
{/^i,/52, ■ ■ ■ ,/Sra}. But this follows easily from the fact that n-nif^i) - ai for any i ^ n and 
that Ti-nisa homomorphism into Foo ■ This argument also shows that (/3i , /52 , ■ • ■ , /^n ) 
is discrete. So Z k Hf^ has a free subgroup at 1. 

That Z K Hf^ is isomorphic to a closed subgroup of -Soo has already been proved 
and, moreover, we know that for any m, (m,e)-V-m ■(m,e) - Vq. So for the last 
statement it suffices to take U -Vq. D 

3. Microscopic structure 

The negative answer to Solecki's question of whether feebly locally compact Polish 
groups are necessarily locally compact indicates that there is a significant variety of 
behaviour in Polish groups with respect to coverings by translates of open sets. Also, 
as indicated by Malicki's result Ill4l that no oligomorphic closed subgroup of Soo is 
feebly locally compact, the macroscopic or large scale structure of Polish groups has 
counterparts at the local level. We shall now develop this even further by bringing it 
to the microscopic level of Polish groups as witnessed by neighbourhood bases at 1. 

More precisely, we shall study the conditions under which any neighbourhood 
basis at 1 
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will cover G via, e.g., sequences of two-sided translates G - UneNfnVngn by sin- 
gle elements fn,gn e G or two-sided translates G - UneN-P'raG^n by finite subsets 
Fn,En ^ G. As opposed to this, neighbourhood bases Vo ^ Vi 3 V2 ^ ■•■ 3 1 failing 
these covering properties can be thought of a being narrow in the group G. 

As is fairly easy to see (see Proposition 13. II below), some of these covering prop- 
erties are generalisations of local compactness, but (which is less trivial) must fail 
in non-compact Roelcke precompact Polish groups. Moreover, as will be shown in 
Section [331 the existence of narrow sequences (Vn) allows for the construction of 
isometric actions on various spaces with interesting local dynamics. 

3.1. Narrow sequences and completeness. To commence our study, let us first 
note how some of the relevant covering properties play out in the context of locally 
compact groups. 

Proposition 3.1. (a) Suppose G is a non-discrete, locally compact Polish group. 

Then there are open sets 

yo^Vi^...3l 

such that for any fn^G, G ^[Jn fnVn- 

(b) Suppose G is a non-discrete, unimodular, locally compact Polish group. Then 
there are open sets 

such that for any fn,gn ^G, G ^[Jn fnVngn- 

(c) Suppose G is a non-discrete, locally compact Polish group. Then for any open 
sets 

there are finite sets F^QG such that G - UnFnVn. 

(d) Let Y be a non-trivial finite group. Then Z k Hy is a non-discrete, locally 
compact Polish group having a compact open subgroup U such that for any 
open set V 3l there is f eZt< Hi with U Q fVf~^. In particular, whenever 

are open sets there are fn,gn e Z k Hy such that Z k Hy - Un fnVngn- 

Proof (a) Let A be left Haar measure on G and choose Vn 3 1 open such that X(Vn) < 
A(G)/2"+2. Then for any fn e G, 

CJO CXD CJO 

U U fnVn) ^ E ^^fnVn) = E ^^^n) < A(G), 
rt-0 n=0 n=0 

so G^UnfnVn. 

(b) This is proved in the same manner as (a) using that Haar measure is 2-sided 
invariant. 

(c) Let f/ c G be any compact neighbourhood of 1. Then any open V 3 1 covers U 
by left- translates and hence by a finite number of left translates. So if open Vq - ^1 - 
... 3 1 are given, find finite E^^G such that U Q E^Vn- Then if {hn}neN is a dense 
sequence in G, we have G -{J^hnU - [J^hnEnVn. Setting Fn - hnE^ we have the 
desired conclusion. 

(d) One easily sees from the construction of 7?r that B^ie, 1) is compact and thus 
U - {0} X Bfiie, 1) is a compact neighbourhood of 1 in Z k Hy. So Z x Hy is locally 
compact. Now, if Vo ^ Vi 3 . . . 3 1 are open, there are fn ^Zk Hy such that U c 
fnVnfn^. Soif {/i„UeN is a dense subsot of Z IK //r , then Z x/fr = Un/in/'raV„/'^-^. D 
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Our first task is to generalise Proposition lS. 11 (a) to all non-discrete Polish groups. 
Proposition 3.2. Suppose G is a non-discrete Polish group. Then there are open sets 

such that for any gn^G, G^^Un gnVn- 

Proof. Fix a compatible complete metric d onG. We will inductively define symmet- 
ric open Vb 3 Vi ^ . . . 3 1 and fs ^G for s e 2"^^ \ {0} such that for any s £ 2" and 
je{0,l} 

• dia.m(fsiVn)<-;^, 

• fsO^n^fslVl^0, 
. fsiVn^fsVn-l. 

To see how this is done, begin by choosing fo,fieG distinct and find Vb 3 1 symmetric 

2 2 

open such that foVo n fiVo - and diamC/iVo) < 1- Now, suppose Vn-i and fs are 
defined for all s e 2". Then for every s e 2", we choose distinct fso,fsi £ fsVn-i and 
can then find 1 e V„ c Vn-i small enough such that the three properties hold. 

Suppose that construction has been done and that gn ^G are given. We show 

2 2 

that G ^ [JngnVn as follows. First, as foVQ n fiVo - 0, there must be some io e (0, 1} 
such that /■iuVon^oVo - 0. And again, since fiooV in figiVi - 0, there must be some 
ii e {0,1} such that figiiVirigiVi = 0. Etc. So inductively, we define io,ii,... e {0,1} 
such that for any n, /"iou...;,, V„ n^„y„ = 0. Since the fioii...inVn are nested and have 
vanishing diameter it follows that fin fioii...i„Vn is non-empty and evidently disjoint 

from [JngnVn. □ 

Topological groups G with the property that for any open Vb ^ ^i ^ ■ • ■ 3 1 there 
are finite sets Fn^G with G = UnFnVn are said to be o-bounded or Menger bounded 
Il23l . By Proposition l3. 11 (c). these are clearly a generalisation of the locally compact 
Polish groups, but it remains open whether they actually coincide with the locally 
compact groups within the class of Polish groups. 

Problem 3.3. Suppose G is a non-locally compact Polish group. Are there open sets 
Vb 3 Vi ^ . . . 3 1 such that for any finite sets Fn^G, we have G^UnFnVn"? 

There is quite a large literature on o-boundedness in the context of general topo- 
logical groups, though less work has been done on the more tractable subclass of 
Polish groups. T. Banakh |3, 4| has verified Problem 13.31 under additional assump- 
tions, one of them being Weil completeness 131. We include a proof of his result here, 
as it can be gotten by only a minor modification of the proof of Proposition [SH] 

Proposition 3.4. Suppose G is a Weil complete, non-locally compact Polish group. 
Then there are open sets 

Vo ^ Vl 3 . . . 3 1 

such that for any finite subsets F^qG, G ^ UnFuVn- 

Proof By the same inductive procedure as before, we choose open Vn 3 1 and fs^G 
for every s e N^'^ \ {0} such that for any s e N" and i^jeN, 



• di&raifsiVn) < ^j^ 

• A,v'nA,y' = 0, 

• fsiVn^fsVn-l. 
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This is possible by the left-invariance of d and the fact that no open set V 3 1 is 
relatively compact and hence contains infinitely many disjoint translates of some 
open set leU <^V. The remainder of the proof follows that of Proposition \Wl2\ D 

For good order, let us also state the analogue of Proposition [331 for 2-sided trans- 
lates. 

Proposition 3.5. Suppose G is a non-locally compact Polish SIN group. Then there 
are open sets 

Vo ^ Vl 3 . . . 3 1 

such that for any finite subsets Fn,En <^G, G ^ [JnFnVnEn- 

Proof. Same proof as for Proposition 13.41 using the fact that any 2-sided invariant 
compatible metric on G is complete. D 

3.2. Narrow sequences and conjugacy classes. While the results of the previ- 
ous section essentially relied on various notions of completeness, we shall now in- 
vestigate which role conjugacy classes play in 2-sided coverings. For simplicity of 
notation, if G is a Polish group and g ^G, we let g'^ - {fgf~^ \feG} denote the 
conjugacy class of ^. 

Theorem 3.6. Suppose G is a non-discrete Polish group such that the set 

A^{geG\lecl{g^)} 

is not comeagre in any open neighbourhood of 1. Then there are open 

such that for any fn,gn e G, G ^ U™ fnVngn- 

Proof Fix a compatible complete metric d onG. Note that 

A^\']{geG\3feG d{l,fgf-^) < lln}, 

n 

which is a countable intersection of open sets. So, as A is not comeagre in any 
neighbourhood of 1, for any open V 3 1 there must be some n such that 

{geG\3feGd{l,fgf-^)<lln} 

is not dense in V and therefore disjoint from some non-empty open W '^V . It follows 
that for any open V 3 1 there are non-empty open W Q y and U 3l such that W n 
fUf-'^ = for any f eG. 

Claim 3.7. For any non-empty open D qG there are a,b eD and an open set U 3l 
such that for any f,geG, either 

fUgnaU=0 

or 

fUgnbU^0. 

To see this, pick non-empty open sets W c D~^D and U - U~^ 3 1 such that for 
any f eG,Wn fUf~^ - 0. Let also a,b eD he such that a~^b e W. By shrinking U 
if necessary, we can suppose that Ua~^bU c W and that 

Ua-'^bUn [fUf~'^ ■ fUf~'^) ^Ua~'^bUr\ fU^f''^ = 

for any f eG. 
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Thus, for any f,g e G, 

whence either 

aUng-'^fUr'^^0 
or 

bUng-'^fUr'^^0. 
Since f,g are arbitrary, the claim follows. 

Using the claim, we can inductively define open sets Vq^Vi^ ...3 1 and Us ^G 
for s £ 2<~ \ {0} such that for any s £2", ie{0,l] and f,g eG 

• diaim(asiVn)<^, 

• UsiVn QasVn-1, _ 

• either UsoVn n fVng = or UsiVn n fVng = 0. 

So ii fn,gn £ G are given, we can inductively define io, Ji,-- £ (0,1} such that 

aioh...iny nrifnVngn ^ 

for every n. It follows that fin aioii-in^n is non-empty and disjoint from Un A V^^n- 

D 

3.3. Narrow sequences in oligomorphic groups. As mentioned earlier, the non- 
Archimedean Polish groups are exactly those isomorphic to closed subgroups of Soo. 
A closed subgroup G ^ Soo is said to be oligomorphic if for any finite set A c M and 
n^ 1, the pointwise stabiliser Ga = {^ e G | Vx £ A g{x) - x] induces only finitely 
many distinct orbits on N". In particular, if one views f\l as a discrete metric space 
with distance 1 between all points, then an oligomorphic closed subgroup satisfies 
condition (3) of Proposition 11.201 showing that it must be Roelcke precompact. In 
fact, Tsankov f24l characterised the Roelcke precompact closed subgroups of Soo as 
those that can be written as inverse limits of oligomorphic groups. 

Theorem 3.8. Let G be an oligomorphic closed subgroup of Soo- Then there is a 
neighbourhood basis at l,Vo^Vi^V2^ -.-^l such that 

n 

for all finite subsets Fn,En ^ G. 

Proof Since, for any finite subset A c N, the pointwise stabiliser Ga induces only 
finitely many orbits on N, it follows that the algebraic closure of A, 

acl(A) = {x £ N I Ga • X is finite} 

is finite. Using that GfA-fx - fGAf'^fx = /"Ga -x, one sees that f-acKA) - acKfA) 
for any f eG, and, since Gaci(A) has finite index in Ga, we also find that acl(acl(A)) - 
acl(A). Finally, for any n^ 1, G induces only finitely many orbits on the space N'^"^ 
of re-elements subsets of N. So, as |acl(A)| = If-acKA)! = lacKfA)!, the quantity 

M(n) = max(|acl(A)| | A £ N^"^] 

is well-defined. 

Claim 3.9. For all gi^G and finite sets BiQN with 

Mm<\Bo\^\Bi\^... 

and \Bi\ -^ oo, we have G T^UieNSiGBf 
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To prove the claim, we will inductively construct finite algebraically closed sets 
A; c M and elements fi&G such that the following conditions hold for all i £ N, 

(1) A.qAui, 

(2) fi^ief.GA,, 

(3) ieAi, 

(4) iefiAi, 

(5) fiGA,ngiGB,^0, 

(6) for any j eM, if Bj '^Ai, then also fiGAi ngjGs J = 0- 

Assume first that this construction has been made. Then, as the A; is are increas- 
ing with i, we have by (2) that filA^ = fj\Ai for all i ^ j. Also, by (3), for any i e N, 
fiii}-fi+iii}-fi+2(i)---- and by (4) f~''^(i)eAi, whence also 

fjf\i} = fuiff\i} = fu2fr\i} = . . . 
and so 

/■r'(^)=/T/i(^)=/T.2(^)=-- 

It follows that (fi) is both left and right Cauchy and thus converges in G to some 
/■ e rii fiGAi ■ Since by (5) we have fiGAt n giGsi = it follows that f t[Ji giGst ■ 

To begin the construction, set A_i - acl(0) and f-i - 1. Then (6) hold since |A_i| < 
IBjl for ally. 

Now, suppose f-\,...,fi and A_i,...,A; have been chosen such that (l)-(6) hold. 
Choose first n^i + 1 large enough such that M{\Ai | + 3) < |B„+i| and set 

C = {f + 1} uBo u . . . uB„ u fj^^goBo u . . . u fr^gnB^. 

As Ai is algebraically closed, every orbit of Ga; on NXA; is infinite. Therefore, by a 
lemma of P. M. Neumann [17 1, there is some heGA^ suchthat /i(C\Ai)n(C\Ai) = 0. 
Setting fi+i - fih e fiGAi , we note that if m e C \ A; , then h{m) € C, whence 

fi+i(m) = fih(m) t goBo u . . . Ug-„B„. 

If possible, choose m eBi+i\Ai and set 

Ai+i = acKA; u{m,i + IJi^+iU + 1)}). 

Otherwise, let 

Ai+i = acKA, u {i + l,ff^\(i + 1)}). 
That (l)-(4) hold are obvious by the choice of A^+i. For (5), i.e., that 

fi+iGAi+i rtgi+iGsi+i = 0, 

note that if B^+i c A;, then this is verified by condition (6) for the previous step and 
the fact that fi+iGAi^i ^ fiCrAt ■ On the other hand, if S^+i <£ Ai, then there is some 
m e (Ai+i nSi+i)\ A;, whence fi+iim) € gi+iBi+i. In this case, fi+iim) ^ gi+iim) and 
so 

fi+iGAi+i ngi+iGsi+i = 0- 
Finally, suppose that Bj c Ai+i for some j, whence by the choice of n we have j ^ n. 
If already BjQAi, then 

fuiGA„,ngjGB,^0 
holds by (6) at the previous step. And if, on the other hand, there is some m e 
{Ai+inBj)\Ai, thenm£C\Ai and so fi+i(m)tgjBj, whence 

fi+lGAui<^SjGBj =0, 
which ends the construction and therefore verifies the claim. 
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To construct the neighbourhood basis iVn) at 1, we pick finite algebraically closed 
sets AocAic...c|\| = (JraEN^ra such that M(0) < |Aol and let Vn =Ga„- Noting that 
for any f,heG, fGA„h~^ - fh~^GhA„> we see that if F„ and £„ are finite subsets of 
G, we have 

n n n 

for some gn^G and fi„ c t\i as in the claim. It thus follow that G^Un F^VnEn- □ 

3.4. Narrow sequences in Roelcke precompact groups. Suppose G is a group 
acting by isometries on a metric space {X,d). For any re 5^ 1, we let G act diagonally 
onX", i.e., 

5- • (xi, . . . ,x„) = (^xi, . . . ,gXn ), 
and equip X" with the supremum metric doo defined from d by 
doo((a:i,...,x„),(yi,...,y„))= sup dixi,yi). 

Also, for any x e X" and e > 0, let 

Vix,£) -{geG\ daaigX,x) < £}. 

We then have the following easy facts 

(1) V(x,£)-V(x,S)cV(x,£ + S), 

(2) f-V{x,e)-f-^^Vifx,e), 

(3) for \x\ = lyl, we have V(x,a) c V{y,a + 2dao(x,'y)], 

(4) for any subset U^G, 

dniU ■x,U-y)^ d(x, y), 
where dn denotes the Hausdorff distance induced by d. 
Also, an e-ball in X is any subset of the form 

B(x,e) -{yeX\ d{x,y) < e} 
and if D c X is any subset, we let 

{D)e ^{yeX\3xeD d{x,y) < e}. 

For the following sequence of lemmas, suppose G is a Roelcke precompact Polish 
group acting continuously and by isometries on a separable complete metric space 
{X,d) with a dense orbit. 

Lemma 3.10. For any e>6>Q, cr>0 and x £ X^, the set 

*B(x,cr,(5) = {y eX I 'V{x,cr)-y can be covered by finitely many 5-balls] 

can be covered by finitely many e-balls. 

Proof. Let a > be small enough such that 2a < a and 5+2a < e. Also, by Proposition 
11.201 (3). let A qX be a finite set such that 'V{x,ci)-A is an a-net inX. Let also C qA 
be the subset of all z e A such that y(x,cr- a) -z canbecoveredby finitely many (5+ a)- 
balls. Since A and hence C is finite, there are finitely many (5 + a)-balls Bi, . . . ,Bk 
covering V(x,a-a)-C. 

Now, suppose that y^X and V(^,a)-y can be covered by finitely many 5-balls and 
find zeA and g e V(x, a) such that d{gz,y) < a. Then 

y (x, (y-a)-g~^y'^ V (x, ct - a) ■ F (x, a) ■ y Q VCx, a) ■ y 
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can be covered by finitely many (5-balls and so, as 

dH[V(x,a - a) ■ g~^ y,Vix,a - a) ■ z) ^dig~^y,z)<a, 

also V(x,a - a)- z can be covered by finitely many (5 + a)-balls, i.e., z eC. Since 
a < CT-a, we have gz eV{x,a-a)-z ^Biu ...uBk and hence y e{Bi)ai] ...u{Bk)a- 
Since the {Bi)a are each contained in the e-balls with the same centre, the result 
follows. D 

We also note that 

^(gx,cr,6) ^ g ■^{x,a,S). 
Using this, we can prove the following. 

Lemma 3.11. Suppose e > S >0, a >0 and n^ 1. Then there is some k^l such that 
for every zeX"', 58(2,0", 5) can be covered by k many e-balls. 

Proof. Choose a >0 such that 2q; <a and find bv Proposition [L20l (3) somexi,...,Xp e 
X"- such that 

G-xiU...uG-Xp 
is a-dense inX". BvLemma l3.10l pick some k^\ such that each *B(xi,cr-2a,5) can 
be covered by k many e-balls. 

Now suppose z e X" is given and find g^G and l^i^p such that doo(xi,gz) < a. 
Then 

V{xi,a-2a)QV{gz,o-) 

and hence 

g-mz,a,S)^^(gI,a,5) 

= {yeX\ Vigz, a) ■ y can be covered by finitely many 5-balls} 

c {y £ X I V(xi,a- 2a) -y can be covered by finitely many (5-balls}. 

Since the latter can be covered by k many e-balls, also ^(z,a,S) can be covered by k 
many e-balls. D 

The next statement is obvious. 

Lemma 3.12. Suppose S > 0, a > and x £ X"'. Then, for any y t Q3(x,cr,(5) and any 
finite set B I,..., Bk ^X ofS-balls, there is some g e Vix,a) such that gy C-BiU...uB^. 

In the following, assume furthermore that X is non-compact. Since X is not totally 
bounded, we can find some e > such that X contains an infinite 2e-separated subset 
DqX. 

Lemma 3.13. For any a > 0, 0<5<| and n ^ 1, there is y £ X^^ such that for any 
X £ X", finite F qG and heG, there is ge V(x, a) such that 

g-V(x'h-^y,S)nF-V{y,S)-h^0. 

Proof By Lemma [3. Ill we can find some k ^1 such that for any x £ X"' there are k 
many e-balls covering ^{x,a,2S). Choose distinct yo,...,yk ^D and notice that for 
any heG, xeX'^ and e-balls 5i,...,B,t covering *B(x,o", 25), we have 

{h~'^yo,...,h~'^yk}<^BiU...uBk, 

whence there is some i = 0,...,^ such that h~^yi $ *B(x,cr,2(5). We sety-(yo,...,yk) 
andV^V(y,5). 
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Suppose now that x e X"-, F qG is finite and heG. Then 

FVh^Fh-V{h-^y,S) 

and we can pick some i -0,...,k such that h~^yi € S(x,cr,25). It follows that there 
is some g e V(x, a) such that 

d(gh-^yi,fyi)^25 

for all f £ F, whence 

g-V(h-^yi,S)nFh-V(h-^yi,S) = 

and thus also 

g-V{Th-^y,S)nFVh^0, 
which proves the lemma. D 

Theorem 3.14. Suppose Gisa non-compact, Roelcke precompact Polish group. Then 
there is a neighbourhood basis at l,Vo^Vi^ ...3 1 such that for any hnCG and finite 

Fn^G, 

G^lJFnVnhn. 

n 

Proof By Proposition 11.201 (4). without loss of generality we can suppose that G is 
a closed subgroup of Isom(X,d), where {X,d) is a separable complete metric space 
with a dense G-orbit. Since G in non-compact, so is X and thus there is an e > such 
that X contains an infinite 2e-separated subset D <^X. 

Let 01,02,- ■■ be a dense sequence in X with each point listed infinitely often and 

set Sn = 4r. So T.n»mSn ' 0. 

We define inductively tuples yi eX'^'^ and numbers ni as follows. First, let rei = 1 
and apply Lemma [3.13l to a-d -Si and n-ni to get y^. In general, if «; and yi are 
chosen, we set ni+i -ni + \yi\ + 2 and apply Lemma [3.13l to a-d- di+i and n - m+i 
to find y;+i. Finally set Vt = V{yi,6i). 

Thus, for any x e X"-' , finite F^G and heG, there is some g e V(x, 5; ) such that 

g-V(Th-%,6i)nFVih^0. 

Now suppose FiQG are finite subsets and hi e G. Set xi = zi. By induction on i, 
we now construct x; £ X^'^ and gi^G such that 

(1) XiCX"', 

(2) Xi+i = {xi,hT'^yi,Zi,{gi---gi)~'^(zi)), 

(3) g,eV(xi,6i), 

(4) gig2---gi-VixrhT^y„Si)nFiVihi^0. 

Note that since 5i+i + Si+i < 5; , we have by (2) and (3) above 



gig2 ■ --gigi+i ■ v{xi+i,Si+i) c gig2 ---gi ■y(xi+i,5i+i)y(xi+i,5i+i) 

^gig2---gi-Vixi+-i_,5i) 
^gig2---gi-V(xi'h~'^yi,5i) 



^gig2---gi-V(xi,Si), 
and so, in particular. 



Ds-i^'-'gi-Vixi'hi yi,5i)= f]Si---gi-V{xi,Si), 

1=1 1=1 



which is disjoint from [J°^iFiVihi. 
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We claim that gig2g3 ■ ■ ■ converges pointwise to a surjective isometry from X to 
X and hence converges in G. 

First, to see that it converges pointwise on X to an isometry i// from X to X, it 
suffices to show that ^i^2^3---(z/) converges for any Z, i.e., that {gig2---gi(zi)]'^i is 
Cauchy in X. But 

d{gl- ■ ■ gi(zi),gl- ■ ■ gi+m(zi)) ^d{zi,gi + i ■ ■ ■ gi + mizi)) 

^d{zi,gi+i{zi))+d{gi+i(zi),gi+igi+2(zi)] 

+ ...+d{gi + l---gi+m-lizi),gi + l---gi+m(zi)) 

^d[zi,gi+iizi)) +d{zi,gi+2izi)) + ■..+d{zi,gi+mizi)) 

<5i+i+5i+2 + ...+Si+m 

<Si, 

whenever i>l, showing that the sequence is Cauchy. 

To see the pointwise limit y/ is surjective, it suffices to show that the image of i// is 
dense in X. So fix zi and e > 0. We show that Im(i//) nB(z/,e) ^ 0. Begin by choosing 
i large enough such that Si <e and z/ -Zi. Then zi=zi- gi- --giix) for some term x 
in Xi+i and hence, by a calculation as above, we find that 

d(zi,gi ■ --gi + mix)) = d[gi ■ ■■gi(x),gi ■ --gi+mix)] < Si 

for any m > 0, whence i//(x) - limm— oo^i • ■■gi+mix) is within e of z/. 
Finally, since the sets gf-gi- V(^i,5i) are decreasing and 



gi-^^gi^gi-^-gi^yixi,Si) 
for every i , we have 



iff^limgi---gief]gi---gi-V{xi,Si) 

' i 

and hence y/eG\\JiFiVihi, which finishes the proof D 

In 1141, Malicki studied Solecki's question of whether any feebly locally compact 
Polish group is locally compact and proved among other things that none of Isom(Ui), 
^{£2) nor oligomorphic closed subgroups of Soo are feebly non-locally compact. The- 
orem |3^ strengthens his result for oligomorphic closed subgroups of -Sco, but does 
not imply his results for Isom((Ui) and ^(£2). We do not know if Theorem IS . 14l can be 
strengthened to two-sided translates F^VnEn, where F„,,En ^ G are arbitrary finite 
subsets. 

3.5. Isometric actions defined from narrow sequences. Using the narrow se- 
quences (Vn) defined hitherto, we shall now proceed to construct (affine) isometric 
actions of Polish groups with interesting dynamics. The basic underlying construc- 
tion for this was previously used by Nguyen Van The and Pestov II18I in their proof 
of the equivalence of (3) and (4) ofTheorem ll.il 



Definition 3.15. Suppose G is a Polish group acting continuously and by isometrics 
on a separable complete metric space iX,d). We say that 

(1) G is strongly point moving if there are £« > such that for all Xn ,yn^X there 
is some g^G satisfying d(gXn,yn) > £n for all re £ N, 

(2) G is strongly compacta moving if there are £n > such that for all compact 
subsets Cn'^X there is some g^G satisfying distigCn ,Cn)>£n for all neN. 
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Here the distance between two compact sets is the minimum distance between 
points in the two sets. 

We can now reformulate the existence of narrow sequences in Polish groups by 
the existence of strongly point moving isometric actions as follows. 

Theorem 3.16. Let G be a Polish group. Then the following are equivalent. 

(1) G admits a strongly point moving continuous isometric action on a separable 
complete metric space, 

(2) G has a neighbourhood basis (Vn) at 1 such that for any fn,hn^G, G ^ 

UnfnVnhn. 

Proof (2)^(1): Suppose (2) holds and let Vo ^ V'l 3 . . . 3 1 be the given neighbourhood 
basis at 1. Fix also a compatible left-invariant metric d onG. Then, by decreasing 
each Vn, we can suppose that 

Vn^{geG\d(g,l)<3en] 

for some e„ > 0. Note then that, for f,g,h e G, we have 

g $ fVnh ^^ f-^gh-^ € Vn ^^ d{f-^gh-\l) > 3c„ ^^ d(gh-\f) > 3e„. 

Let now {X,d) denote the completion of G with respect to d and consider the exten- 
sion of the left shift action of G on itself to X. Then, for any Xn,yn ^ X, there are 
fn,hn e G such that d{xn,h~^) < Cn and d(yn,fn) < En, whence, if ^ C \JnfnVnhn, we 
have d(gh~^,fn) > 3c:„ and thus d(gXn,yn) > £n for all n. Thus, G is strongly point 
moving. 

(1)^(2): Let e„ > be the constants given by a strongly point moving isometric 
action of G on a separable complete metric space X and let x £ X be fixed. Set 
Wn = {g ^G \ digx,x) < en) and let Vn ^ W„ be open subsets such that (Vn) forms 
a neighbourhood basis at 1. Then, ii fn,hn e G are given, find some g such that 
d{gh~^x, fnx) > Cn for all n. It thus follows that g€\Jn fnVnhn. □ 

The following lemma is proved in a slightly different but equivalent setup in IfTSl . 

Lemma 3.17. Suppose G is a group acting by isometrics on a metric space iX,d), 
e eX and let pe denote the affine isometric action ofG on /Ei(X) defined by 

Pe{g)m - m{g~^ ■ ) + mge,e- 

Then for any mi,m2 e ^iX) there are finite sets F,E Q X such that if g e G satisfies 
digF,E) >2e, then also \\pe{g)mi -m2\\ > £. 

Proof By approximating each m/ by a molecule within distance |, it suffices to show 
that for any molecules mi,m2 e M{X) there are finite sets F,E Q G such that if 
d(gF,E) > 2c, then also \\pe(g)mi - m2\\ > 2e. For this, write mi - Y.1^iO-imxi,yi, 
m2 - Zf^i bimvi,Wi and and assume that g^G satisfies 

d({gXi,gyi,ge]'l^-^,{vi,Wi,e]'l^-^)>2e. 

Now, letting f:X^Uhe defined by 

fix) - m\n{2e,d{x, {vi , Wi , elf^j^)} 
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we see that f is 1-Lipschitz and f{x) - 2e for all x e lgxi,gyi,ge}1^-^^, while fix) = 
for xe{vi,Wi, e}^^ j^ . It follows that 

n k 

\\Pe(g)mi-m2\\^ II Y."'i^g=^i,gyi+^ge,e-Y.^i^Vi,Wi\ 
i=l i=l 

= f ai[f{xi)- f{yO] + [fige) - fie)] + Y,bi [fivi) - fiwi)) 

i=l i=l 

= 2e, 
which proves the lemma. D 

Theorem 3.18. Let G be a Polish group. Then the following are equivalent. 

(1) G admits a strongly compacta moving continuous affine isometric action on 
a separable Banach space, 

(2) Ghasa neighbourhood basis {Vn)at 1 such that for any finite subsets F n,E ^ ^ 

G,G^\JnFnVnEn- 

Proof The implication (1)^(2) is similar to that of Theorem [3TT6] Also for (2)^(1), 
let again d be a compatible left-invariant metric on G and let G act on itself on the 
left. As before, we can suppose that Vn-{g^G\ dig, 1) < 6en} for some e^ > and 
thus for all finite sets Fn,En^G there is some geG such that digFn,En) > Gcn for 
all 71 e N. Fix an arbitrary element e e G and let pe denote the affine isometric action 
of G on /EiG) defined by peig)m = mig~^ ■ ) + mge,e- 

Assume now that C„ c /EiG) are compact and find finite c„ -dense subsets M„ c 
Cn- By Lemma [3.17l there are finite subsets Fn,En ^ G such that if digF^, En) > 6e„, 
then ||pe(^)wi-TO2ll >3e„ for all mi, m2 eM„, whereby also ||pe(^)wi-m2ll > £n for 
all mi,m2 e Cn, finishing the proof of the theorem. D 

Combining Theorems [31^ WM [3H [SUl WM and Propositions [H] (b), [HI we 
obtain the following two corollaries. 

Corollary 3.19. The following classes of Polish groups admit strongly point moving, 
continuous isometric actions on separable complete metric spaces, 

• non-discrete, unimodular, locally compact groups, 

• non-compact, Roelcke precompact groups, 

• Polish groups G such that {g eG \ 1 e cl(^ )} is not comeagre in any neigh- 
bourhood of 1. 

Corollary 3.20. The following classes of Polish groups admit strongly compacta 
moving, continuous affine isometric actions on separable Banach spaces, 

• non-locally compact SIN groups, 

• oligomorphic closed subgroups ofSoo- 
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